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Abstract. Physical understanding of the crack origin and quantitative physical 
prediction of the crack volume variation far from the clay soil surface are necessary to 
protect the underlying aquifers from pollutants. The basis of this work is an available 
physical model for predicting the shrinkage and swelling curves in the maximum 
water content range (the primary curves) and crack volume variation. The objective of 
the work is to generalize this model to the conditions of the deep layer of a clayey 
vadose zone with the overburden pressure, multiple shrinkage-swelling, and variation 
of water content in a small range. We aim to show that the scanning shrinkage and 
swelling curves, and steady shrink-swell cycles existing in such conditions, inevitably 
lead to the occurrence of cracks and a hysteretic crack volume. The generalization is 
based on the transition to the increasingly complex soil medium from the contributive 
clay, through the intra-aggregate matrix and aggregated soil with no cracking, to the 
soil with cracks. The results indicate the single-valued physical links between the 
scanning shrink-swell cycles and crack volume variation of the four soil media on the 
one hand, and primary shrinkage and swelling curves of the media on the other hand. 
The predicted cycles and crack volume hysteresis can be expressed through the 
physical properties and conditions of the soil at a given depth. The available 
observations of the cracks and crack volume variation in the clayey vadose zone give 
strong qualitative experimental evidence in favor of the feasibility of the model. 
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1. Introduction 
Shrinkage cracks close to the soil surface, their origin owing to the vertical water 
content gradient, and prediction of their volume, width, and spacing are well known 
[1-5]. Even though these cracks can extend to depths of several meters keeping a 
micro-width [4], their characteristics cannot explain the origin, volume, and volume 
variation of the cracks that are directly or indirectly observed at sufficiently large 
depths of a clayey vadose zone [6-10]. Contrary to the notion about the small 
permeability of clays, such cracks can essentially increase the hydraulic conductivity 
of the vadose zone and, correspondingly, transport different contaminant admixtures 
and solutes to the ground water [6]. Therefore, theoretical estimation of the crack 
volume, accompanying the natural multifold shrink-swell cycles far from the soil 
surface, as a function of soil structure and local hydrological conditions, is of 
theoretical as well as practical interest. In particular, the physical understanding of the 
origin of such cracks and quantitative physical prediction of the crack volume 
variation, are important to protect the underlying aquifers from different pollutants. 
The physical understanding and prediction should take into account the major specific 
limitations existing in a clay soil at large depths: (i) overburden action at a given 
depth; (ii) limited and frequently small range of water content variation (compared to 
the maximum range); and (iii) multifold drainage-wetting alternation (both transitive 
and steady). 
The works that consider the explanation and prediction of shrink-swell cycling 
and accompanying cracking in a clayey vadose zone, based on the physical 
characteristics of soil texture and structure (with no fitting) and local hydrological 
characteristics, are absent. The contemporary approaches that combine the 
microphysics of water-vapor-solid interactions with different variants of transition to 
a clay soil continuum based on conservation laws and thermodynamics (see [11-14], 
among others), essentially consider a clay paste with no crack occurrence as well as 
no inter- and intra-aggregate structure leading to soil cracking at shrink-swell 
processes. The known approach to overburden effects in swelling soils [15] (for 
previous references see [15]) and subsequent discussion (see [16-19], among others) 
are based on the equilibrium thermodynamics relations and the use of the shrinkage 
curve slope as a function of water content and applied load, with the attraction of 
some form of empirical (fitted) shrinkage curve in the maximum possible water 
content range. The physical description (i.e., with no fitting) of overburden effects in 
connection with soil structure effects as well as cracking, swelling, and multifold 
drainage-wetting in an arbitrary range of water content variation, are beyond the scope 
of this approach. The same relates to a recent work [20] that modifies the approach 
[15] and its results using still another approximation of the fitted shrinkage curve [21]. 
Finally, it should be noted that available approaches to soil cracking, based on either a 
physical description (e.g., [22]) or description using a number of empirical (fitted) 
dependences (e.g., [23]), only relate to shrinkage in the maximum water content range 
close to the soil surface or in small samples, that is, with no effects of overburden, 
swelling, and multifold shrink-swell cycling in a small water content range. 
A natural reference background for the development that accounts for the above 
limitations in a clay soil of large depths should include some description of the 
shrinkage-swelling curves and crack volume variation during a single drainage-
wetting cycle in the maximum possible range of water content and without any soil 
loading. Such a description was recently suggested [24]. The objective of the present 
work is to extend the approach of the reference background [24] accounting for the 
three above natural factors (overburden, arbitrary water content range, and multifold 
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transitive and steady drainage-wetting cycles) and keeping the physical character of 
the approach (i.e., without the use of fitting parameters). The methodology of the 
approach [24] is based on the recently suggested inter- and intra-aggregate structure 
of inorganic soils [25-28] (Fig.1) and successive consideration of the increasingly 
complex soil media: clay (paste), intra-aggregate soil matrix (including clay, silt, 
sand, and lacunar pores), aggregated soil without cracks (small samples), and 
aggregated soil with cracks (soil layer). The key point of the methodology is also a 
close connection between the swelling curves of these soil media as well as between 
the swelling and shrinkage curves for each of the media. Following the methodology 
[24], first, we consider the shrinkage-swelling of clay paste (contributing to the soil 
aggregates) in conditions of overburden pressure and multifold drainage-wetting with 
small variations of water content (Section 2). Then, we extend the results to be found 
for clay to the case of the intra-aggregate matrix (Section 3) and aggregated soil 
without and with cracks (Section 4). The theory content (Sections 2-4) is presented in 
the concentrated view in the beginning of the sections and their subsections as well as 
by their titles. Section 6 gives the theotetical results. In Sections 5 and 7 we analyze 
the limited available data on shrinkage under loading to check the major model 
aspects. The values that repeat in the text are summarized in the Notation. 
2. Shrinkage and swelling of a pure clay 
We successively consider the increasingly complex cases for a clay paste: a single 
shrink-swell cycle in the maximum range of water content and without loading (a 
brief review of the key points from [24] that are necessary in the following; Section 
2.1.1), the scanning shrinkage and swelling curves in any possible range of water 
content without clay loading (Section 2.1.2); the multifold transitive and steady 
shrink-swell cycles in any possible range of water content and without clay loading 
(Section 2.1.3); and similar situations, but under loading (Sections 2.2.1-2.2.4). 
2.1. Clay shrinkage and swelling with no loading 
2.1.1. Primary shrinkage and swelling curves 
We will refer to the shrinkage and swelling curves of a clay paste in the maximum 
possible range of water content as primary shrinkage and swelling curves (Fig.2, 
curves 1 and 2), by analogy with the soil-water retention curves at drying and wetting 
(e.g. [29]). The expressions of the primary shrinkage, v(ζ) [30,31] and swelling, vˆ (ζ) 
[24] curves of clay in relative coordinates are derived from considerations of the 
smallness of a number of values (Fig.2; see Notation) as 
 
ζn-ζz<<1 ,       vn-vz<<1 ,       ζh≅0.5<1 ,        vh-vz<<1 .                                              (1) 
 
The primary shrinkage curve, v(ζ) [30] is presented as 
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where Fz is the saturation degree F(ζ) as 
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F=(1-vs)ζ/(v-vs)  ,           0≤ζ≤ζh                                                                                   (3) 
 
at the shrinkage limit, ζ=ζz. ζz and the air-entry point, ζn (Fig.2) are 
 
ζz=(vz-vs)Fz/(1-vs)        and        ζn=(vz-vs)(2-Fz)/(1-vs) .                                              (4) 
 
Fz is a function of vs and vz [31]. The vs and vz values totally determine v(ζ) (Eqs.(2)-
(4)). The v(ζ) curve (Fig.2) consists of three parts (see Eq.(2)), two linear parts in the 
0≤ζ≤ζn and ζn≤ζ≤ζh ranges and a curved part in the ζz≤ζ≤ζn range. 
For the transition to primary clay swelling [24] and then to shrinkage and swelling 
in any water content range (Sections 2.1.2 and 2.1.3), it is also important to note the 
presentation of the clay matrix porosity, P(v(ζ)) at primary shrinkage [30] as 
 
P(v(ζ))=1-vs/v(ζ)  ,     vz≤v≤vh   ,   0≤ζ≤ζh                                                                   (5) 
 
and the maximum and minimum internal sizes, rm(v(ζ)) and ro(v(ζ)), respectively, of 
clay matrix pores at primary shrinkage (excluding pore wall thickness) [30] 
 
rm(v(ζ))=rmM v(ζ)
1/3
(1-vs/[Av(ζ)])  , vz≤v≤vh   ,   0≤ζ≤ζh                                           (6a) 
 
ro(v(ζ))=rmMv(ζ)
1/3
(γvs/A)(1-1/[γv(ζ)]),   (ro→0 at vz→0.11)   vz≤v≤vh,   0≤ζ≤ζh      (6b) 
 
where rmM is the maximum external size of the clay pores (including pore wall 
thickness) at ζ=1; A≅13.57 and γ≅9 are the characteristic constants of the clay matrix. 
The primary swelling curve, vˆ (ζ) at slowest swelling [24] is 
 
vˆ (ζ)=vh-λ(ζ-ζh)
2
=vh-[(vh-vz)/ζh
2
](ζ-ζh)
2
 ,          0≤ζ≤ζh  .                                            (7) 
 
vˆ (ζ) is presented by one curved line (Fig.2). The maximum slope of vˆ (ζ) at ζ=0 
(Eq.(7); Fig.2), 2λζh=2(vh-vz)/ζh can be more and less than the maximum slope, (1-vs) 
of the primary shrinkage curve, v(ζ) (see Eq.(2)) in the basic shrinkage range, 
ζz≤ζ≤ζn. The clay saturation degree, )ζ(Fˆ , porosity, )ζ(Pˆ , as well as the maximum 
and minimum internal pore sizes, rˆ m(ζ) and rˆ o(ζ) at primary swelling are obtained 
from Eqs.(3), (5), (6a) and (6b), respectively, by the replacement, v(ζ)→ vˆ (ζ) [24]. 
That is, )ζ(Fˆ =F( vˆ (ζ)), )ζ(Pˆ =P( vˆ (ζ)), rˆ m(ζ)=rm( vˆ (ζ)), and rˆ o(ζ)=ro( vˆ (ζ)). 
The coordinates (ζ,v) or (ζ, vˆ ) give the customary (w ,V) or (w ,Vˆ ) (the specific 
volume V or Vˆ  vs. gravimetric water content, w  of the clay) by [30,31,24] 
 
V=v/(vsρs) ,         Vˆ = vˆ /(vsρs) ,           w =((1-vs)/vs)(ρw/ρs)ζ .                                     (8) 
 
Qualitatively, V(w ) and Vˆ (w ) are similar to v(ζ) and vˆ (ζ), respectively, in Fig.2. 
For experimental validation of the results noted in this section see [30,31,25,24]. 
2.1.2. Scanning swelling and shrinkage curves 
The swelling curve, vˆ (ζ,ζo) (Fig.2, curve 3) that starts at a point (ζo,v(ζo)) of the 
primary shrinkage curve, v(ζ) (Fig.2, curve 1) will be referred to as the scanning 
swelling curve. The shrinkage curve, v (ζ,ζo) (Fig.3, curve 3) that starts at a point (ζo, 
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vˆ (ζo)) of the primary swelling curve, vˆ (ζ) (Fig.3, curve 2) will be referred to as the 
scanning shrinkage curve. The term "scanning" is introduced here by analogy to its 
use as applied to the soil-water retention curve at wetting and drainage (e.g. [29]). The 
possible initial ζo values are 0<ζo<ζh (Figs.2 and 3). One and only one pair of 
scanning swelling and shrinkage curves passes through any point of the (ζ,v) plane 
(here v symbolizes the v coordinate, but not a shrinkage curve) between the primary 
shrinkage and swelling curves (Figs.2 and 3). The simple analytical expressions for 
the scanning swell-shrink curves flow out of the known primary shrink-swell curves 
(Section 2.1.1) and the same goes for the smallness of a number of values (Eq.(1)). 
The scanning swelling curves, vˆ (ζ,ζo) at 0<ζo<ζh (Fig.2, curve 3) can be divided 
into two subfamilies of usual scanning swelling curves, vˆ u(ζ,ζo) at 0<ζo<ζn and 
specific ones, vˆ s(ζ,ζo) at ζn<ζo<ζh (Fig.2). The vˆ
u
(ζ,ζo) curves keep the general shape 
of the primary swelling curve, vˆ (ζ) (Fig.2; see below). The vˆ s(ζ,ζo) curves coincide 
with the primary shrinkage curve, v(ζ) at ζn<ζo<ζ<ζh (Fig.2) as 
 
vˆ s(ζ,ζo)=v(ζ)=vh-(1-vs)(ζh-ζ) ,                ζn<ζo<ζ<ζh  .                                               (9) 
 
The vˆ s(ζ,ζo) curves differ from the vˆ
u
(ζ,ζo) curves (Fig.2) by their linear shape. The 
latter is connected with the similar linear shape of the v(ζ) curve in the basic 
shrinkage range, ζn<ζ<ζh (Fig.2). The physical reason for the linear v(ζ) curve at 
ζn<ζ<ζh is the lack of air bubbles in the water saturated clay matrix pores while they 
lose water and shrink (see, e.g. [31]). Correspondingly, the vˆ s(ζ,ζo) curves at ζo>ζn 
are not complicated by air entrapping when rewetting and retain the linear shape. 
The usual scanning swelling curves, vˆ u(ζ,ζo), similar to the primary swelling 
curve, vˆ (ζ) (Fig.2; Eq.(7)), can be approximated by the first terms of an expansion in 
powers of (ζ-ζh) based on Eq.(1). However, in such a vˆ
u
(ζ,ζo) presentation one 
should keep the linear term (unlike Eq.(7)) as 
 
vˆ u(ζ,ζo)=vh+ aˆ (ζo)(ζ-ζh)- bˆ (ζo)(ζ-ζh)
2
 ,          ζo<ζ<ζh ,            0<ζo<ζn .                (10) 
 
The aˆ  and bˆ  coefficients are linked by the condition that vˆ u(ζ,ζo) and v(ζ) coincide 
at ζ=ζo (Fig.2) (by the definition of the scanning swelling curves at 0<ζo<ζn) as 
 
vˆ u(ζo,ζo)=v(ζo) ,             0<ζo<ζn  .                                                                            (11) 
 
Eqs.(10) and (11) give bˆ (ζo) as 
 
bˆ (ζo)=[vh-v(ζo)+ aˆ (ζo)(ζo-ζh)]/(ζo-ζh)
2
 ,               0<ζo<ζn  .                                     (12) 
 
The aˆ (ζo) value in Eq.(10) determines the slope of the vˆ
u
(ζ,ζo) curve at ζ=ζh (see 
Fig.2) and a given ζo. When ζo increases in the range, 0<ζo<ζn (Eq.(10)) the aˆ (ζo) 
slope grows in the range, 0< aˆ (ζo)<(1-vs) (between the slopes of the primary swelling 
and shrinkage curves at ζ=ζh; Fig.2), i.e., aˆ (ζn)=(1-vs). Accounting for this condition 
and the smallness of ζn (ζn<ζh<0.5; Eq.(1)) we present aˆ (ζo) at 0<ζo<ζn as 
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aˆ (ζo)=(1-vs)ζo/ζn .                    0<ζo<ζn .                                                                  (13) 
 
The replacement of aˆ (ζo) in Eq.(12) from Eq.(13) gives bˆ  as a function of ζo. Note 
that at ζo→ζn aˆ (ζo)→(1-vs) (Eq.(13)), bˆ (ζo)→0 (Eq.(12)), and vˆ
u
(ζ,ζo)→ vˆ
s
(ζ,ζn) 
(Eqs.(9) and (10)). Hence, the transition between the usual scanning swelling curves, 
vˆ u(ζ,ζo) and specific ones, vˆ
s
(ζ,ζo) at ζo=ζn (Fig.2) is continuous, and the vˆ
s
(ζ,ζn) 
curve simultaneously plays the part of the boundary curve between the two 
subfamilies. Thus, the expressions for the scanning swelling curves, vˆ (ζ,ζo) (Eqs.(9), 
(10), (12), and (13)) in the single-valued manner, flow out of the above prerequisites: 
(i) the primary shrink-swell curves (Section 2.1.1), and (ii) conditions from Eq.(1). 
Now we consider the scanning shrinkage curves, v (ζ,ζo) at 0<ζo<ζh (Fig.3, curve 
3). First, we assume that they also can be divided into two subfamilies. In other words 
each curve, v (ζ,ζo) (Fig.3) can be related to the usual scanning shrinkage curves, 
v u(ζ,ζo) at ζoB<ζo<ζh that are adjacent to the primary shrinkage curve, v(ζ) (Fig.3) 
and repeat its structure, i.e., consist of two linear parts and curved part between them 
[30] (Section 2.1.1). Alternatively, v (ζ,ζo) can be related to the specific scanning 
shrinkage curves, v s(ζ,ζo) at 0<ζo<ζoB that have a simpler structure and are only 
presented by one curved line. However, the examination of this assumption 
(accounting for the primary shrinkage and swelling curves (Section 2.1.1) and Eq.(1)) 
showed that the boundary point of the continuous transition between the two 
subfamilies, ζo=ζoB can only have the value, ζoB=0. In other words, in all the range 
0<ζo<ζh (Fig.3) the scanning shrinkage curves, v (ζ,ζo) only exist that keep the same 
general shape as the primary shrinkage curve, v(ζ) (Section 2.1.1) of the three parts 
(see above). These parts change with variation of ζo. Let us consider the presentation 
of the scanning shrinkage curve of a clay, v (ζ,ζo) at a given 0<ζo<ζh within the limits 
of each of the three ranges (Fig.3): (i) 0<ζ≤ζ z(ζo); (ii) ζ n(ζo)≤ζ≤ζo; and (iii) 
ζ z(ζo)<ζ<ζ n(ζo). The ζ z(ζo) and ζ n(ζo) values of ζ (Fig.3) correspond to the points 
of the smooth transition between the linear and curved parts of the v (ζ,ζo) curve, and 
are similar to the ζz and ζn values relating to the primary shrinkage curve, v(ζ) [30]. 
ζ z(ζo) and ζ n(ζo) will be estimated below. 
The linear presentation of v (ζ,ζo) in the range, 0<ζ≤ ζ z(ζo) (Fig.3) is obvious as 
v (ζ,ζo)=vz+a(ζo)ζ ,                0<ζ≤ζ z(ζo) ,                 0<ζo<ζh                                 (14) 
and similar to the linear presentation of the primary shrinkage curve, v(ζ) (Fig.3) at 
0<ζ≤ζz. However, in Eq.(14) unlike the v(ζ) case (Fig.3; Eq.(2)), the line slope 
a(ζo)>0. If ζo→0 the scanning shrinkage curve, v (ζ,ζo) shortens up to the (0,vz) point 
(Fig.3). With that the slope, a(ζo) strives to the slope of the primary swelling curve at 
ζ=0 (see the line after Eq.(7)), i.e., a(ζo)→2λζh (for λ see Eq.(7)) and ζ z(ζo)→0. If 
ζo→ζh the scanning shrinkage curve, v (ζ,ζo) eventually coincides with the primary 
shrinkage curve (Fig.3). With that a(ζo)→0 and ζ z(ζo)→ζz (Fig.3). Thus, a(ζo) and 
ζ z(ζo) are in the ranges, 2λζh>a(ζo)>0 and 0< ζ z(ζo)<ζz when 0<ζo<ζh. Accounting 
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for the smallness of the values in Eq.(1) and for the above ranges of the a(ζo) and 
ζ z(ζo) values, one can, with sufficient accuracy, approximate a(ζo) and ζ z(ζo) with 
simple linear functions of ζo at 0<ζo<ζh as 
a(ζo)=2λζh(1-ζo/ζh) ,             ζ z(ζo)=ζzζo/ζh ,                  0<ζo<ζh .                          (15) 
The general form of the linear presentation of the v (ζ,ζo) curve in the range, 
ζ n(ζo)≤ζ≤ζo [Fig.3; close to the intersection between v (ζ,ζo) and the primary 
swelling curve, vˆ (ζ) in the point (ζo, vˆ (ζo))] is 
v (ζ,ζo)=d(ζo)+e(ζo)ζ ,                 ζ n(ζo)≤ζ≤ζo ,                0<ζo<ζh  .                        (16) 
This presentation is similar to that of the primary shrinkage curve, v(ζ) in the range, 
ζn<ζ<ζh (Fig.3; Eq.(2)) by changing vs and (1-vs) with more general expressions, d(ζo) 
and e(ζo), respectively. We should find three functions, d(ζo), e(ζo), and ζ n(ζo). d(ζo) 
and e(ζo) are linked by the intersection condition between v (ζ,ζo) and vˆ (ζ) (Fig.3) as 
v (ζ,ζo)
oζζ=
= vˆ (ζo) ,                   0<ζo<ζh                                                                    (17) 
or (see Eqs.(7), (16), and (17)) 
d(ζo)+e(ζo)ζo=vh-λ(ζo-ζh)
2
 ,        (λ=(vh-vz)/ζh
2
)             0<ζo<ζh  .                           (18) 
It follows from Eq.(18) that e(ζo) should be a linear function of ζo and d(ζo) a square 
function of ζo. For this reason, first, we find e(ζo) from its variation range at 0<ζo<ζh. 
As noted above if ζo→0 the scanning shrinkage curve, v (ζ,ζo) shortens up to the 
(0,vz) point (Fig.3). Then e(ζo) (Eq.(16)) and a(ζo) (Eq.(14)) coincide, i.e., at ζo→0 
e(ζo)→a(ζo)→2λζh (see Eq.(15); for λ see Eq.(7) or Eq.(18)). If ζo→ζh the scanning 
shrinkage curve, v (ζ,ζo) coincides with the primary shrinkage curve (Fig.3), i.e., 
e(ζo)→(1-vs) (cf. Eq.(2)). In general, it can be both 2λζh>(1-vs) and 2λζh<(1-vs) [24]. 
Thus, depending on that, either 2λζh>e(ζo)>(1-vs) or 2λζh<e(ζo)<(1-vs) when 0<ζo<ζh. 
In both the cases the linear e(ζo) is 
e(ζo)=2λζh-[2λζh-(1-vs)]ζo/ζh ,                0<ζo<ζh .                                                   (19) 
Replacing e(ζo) in Eq.(18) from Eq.(19) and rearranging we obtain the square d(ζo) as 
d(ζo)=vz+[λ-(1-vs)/ζh]ζo
2
 ,                0<ζo<ζh .                                                           (20) 
Note that at ζo→0 d(ζo)→vz and at ζo→ζh d(ζo)→vs as it should be. The ζ n(ζo) 
function will be found below. Finally, the general form of the intermediate curved 
line, v (ζ,ζo) in the range, ζ z(ζo)<ζ< ζ n(ζo) (Fig.3) is 
 
v (ζ,ζo)= v z(ζo)+a(ζo)(ζ- ζ z(ζo))+b(ζo)(ζ- ζ z(ζo))
2
 ,  ζ z(ζo)<ζ<ζ n(ζo),   0<ζo<ζh .   (21) 
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This presentation is similar to that of the primary shrinkage curve, v(ζ) in the range, 
ζz<ζ<ζn (Fig.3; Eq.(2)) [30] with a number of differences: (1) vz→ v z(ζo); (2) a linear 
term, a(ζo)(ζ- ζ z(ζo)) appears; (3) coefficients a and b become functions of ζo; (4) 
ζz→ ζ z(ζo); and (5) ζn→ ζ n(ζo). The physical conditions that determine v z(ζo), a(ζo), 
b(ζo), and ζ n(ζo) in Eq.(21) are also similar to those in the v(ζ) case [30], namely, 
continuity and smoothness of v (ζ,ζo) at ζ=ζ z(ζo) and ζ= ζ n(ζo) (Fig.3). The v z(ζo) 
function flows out of the continuity at ζ= ζ z(ζo) (Fig.3) [
0ε|
εζζ|o
z
)ζ,ζ(
→
−=v =
0ε|
εζζ|o
z
)ζ,ζ(
→
+=v ] 
accounting for Eqs.(14), (15) and (21) as 
 
v z(ζo)=vz+a(ζo) ζ z(ζo)=vz+2λ(1-ζo/ζh)ζzζo   ,                  0<ζo<ζh .                           (22) 
 
The a(ζo) function in Eq.(21) naturally coincides with a(ζo) from Eqs.(14) and (15) 
and flows out of the smoothness condition at ζ=ζ z(ζo) (Fig.3) 
[
0ε|
εζζ|o
z
ζ/)ζ,ζ(
→
−=∂∂v =
0ε|
εζζ|o
z
ζ/)ζ,ζ(
→
+=∂∂v ] with v (ζ,ζo) in the left part from Eqs.(14) and 
(15) and v (ζ,ζo) in the right part from Eq.(21). Finally, b(ζo), and ζ n(ζo) in Eq.(21) 
are jointly found from the continuity and smoothness conditions at ζ= ζ n(ζo) that are 
obtained from the above continuity and smoothness conditions after replacement of 
ζ=ζ z(ζo)±ε with ζ=ζ n(ζo)±ε. Substitution for v (ζ,ζo) in the left part of the conditions 
from Eq.(21) and in the right part of the conditions from Eq.(16) leads to the equation 
system as 
 
v z(ζo)+a(ζo)[ ζ n(ζo)- ζ z(ζo)]+b(ζo)[ ζ n(ζo)- ζ z(ζo)]
2
=d(ζo)+e(ζo) ζ n(ζo) ,  0<ζo<ζh , (23) 
 
a(ζo)+2b(ζo)[ ζ n(ζo)- ζ z(ζo)]=e(ζo) ,                0<ζo<ζh ,                                            (24) 
 
relative to the unknown, ζ n(ζo) and b(ζo) since v z(ζo) (Eq.(22)), a(ζo) and ζ z(ζo) 
(Eq.(15)), d(ζo) (Eq.(20)), and e(ζo) (Eq.(19)) are already known. Solution of Eqs.(23) 
and (24) after some term rearrangement gives ζ n(ζo) and b(ζo) as 
 
ζ n(ζo)= ζ z(ζo)+2[ v z(ζo)-d(ζo)-e(ζo) ζ z(ζo)]/[e(ζo)-a(ζo)] ,              0<ζo<ζh ,           (25) 
 
b(ζo)=[e(ζo)-a(ζo)]
2
/{4[ v z(ζo)-d(ζo)-e(ζo) ζ z(ζo)]} ,                        0<ζo<ζh .           (26) 
 
According to their physical meaning b(ζo)>0 (see Eq.(21)), ζ n(ζo)> ζ z(ζo) (see Fig.3), 
and e(ζo)>a(ζo) (see the slopes of v (ζ,ζo) in Fig.3 at ζ=0 and ζ=ζo) if ζo >0. For this 
reason [ v z(ζo)-d(ζo)-e(ζo) ζ z(ζo)] in Eqs.(25) and (26) should be more than zero if 
ζo>0. It is confirmed by substitution for v z(ζo), d(ζo), e(ζo), and ζ z(ζo) the above 
found expressions. Thus, the expressions of the scanning shrinkage curves, v (ζ,ζo) 
also flow out of the above prerequisites in the single-valued manner (as vˆ (ζ,ζo)). 
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The expressions for the maximum and minimum internal pore sizes, rm(ζ), ro(ζ), 
rˆ m(ζ), and rˆ o(ζ), saturation degree, F(ζ) and )ζ(Fˆ , and clay matrix porosity, P(ζ) 
and )ζ(Pˆ  along the scanning shrinkage ( v (ζ,ζo)) and swelling ( vˆ (ζ,ζo)) curves are 
obtained from the known expressions along the primary shrinkage (v(ζ)) and swelling 
( vˆ (ζ)) curves [30,24] (Section 2.1.1; Eqs.(3), (5), and (6) as they are and after 
replacement, v(ζ)→ vˆ (ζ)) after replacements, v(ζ)→ v (ζ,ζo) and vˆ (ζ)→ vˆ (ζ,ζo) as 
 
rm(ζ,ζo)=rm( v (ζ,ζo)),     ro(ζ,ζo)=ro( v (ζ,ζo)),     rˆ m(ζ,ζo)=rm( vˆ (ζ,ζo)),  
 
rˆ o(ζ,ζo)=ro( vˆ (ζ,ζo)),     F (ζ,ζo)=F( v (ζ,ζo)),     Fˆ (ζ,ζo)=F( vˆ (ζ,ζo)),  
 
P (ζ,ζo)=P( v (ζ,ζo)),     Pˆ (ζ,ζo)=P( vˆ (ζ,ζo)) .                                                           (27) 
 
Finally, the transition from the relative to customary coordinates as applied to 
scanning curves of the clay matrix is realized by the same relations (Section 2.1.1; 
Eq.(8)) after the obvious replacements, v(ζ)→ v (ζ,ζo), vˆ (ζ)→ vˆ (ζ,ζo), 
)(wV → ),( owwV , )(ˆ wV → ),(ˆ owwV , and addition, ow =((1-vs)/vs)(ρw/ρs)ζo. 
Qualitatively, ),( owwV  and ),(ˆ owwV  are as v (ζ,ζo) and vˆ (ζ,ζo) in Figs.2 and 3. 
2.1.3. Transitive and steady scanning shrink-swell cycles 
Usually, at a given depth of soil profile, the water content periodically varies in a 
range, W1<W<W2 where W1>0 and W2<Wh. With that W1 and W2 can be 
approximately considered as constant because usually possible variations of W1 and 
W2, δW1<<W2-W1 and δW2<<W2-W1. Thus, we should estimate the shrink-swell cycles 
of a soil volume in an arbitrary range, W1<W<W2 inside the maximum range, 
0<W<Wh of water content. First, we consider the shrink-swell cycles of a clay volume 
in a range, ζ1<ζ<ζ2. Since ζ1>0 and ζ2<ζh (Fig.4) the shrinkage and swelling branches 
of a cycle should coincide with the known scanning shrinkage and swelling curves 
(Section 2.1.2) or their parts. For instance, let us consider two consecutive cycles 
starting from the point, ζo=ζ1≡ζo1 on the primary shrinkage curve (Fig.4, curve v(ζ)). 
The swelling branch of the first cycle coincides with the scanning swelling curve, 
vˆ 1(ζ,ζ1) (Fig.4, curve 1) at ζ1≡ζo1<ζ<ζ2. The shrinkage branch of the first cycle 
coincides with the scanning shrinkage curve, v 1(ζ,ζo2) (Fig.4, curve 2) at ζ1<ζ<ζ2. 
The ζo2 parameter that determines the position of this scanning shrinkage curve is 
found from the obvious condition (Fig.4) at ζ=ζ2 to be 
 
v 1(ζ2,ζo2)= vˆ 1(ζ2,ζ1) .                                                                                                 (28) 
 
The swelling branch of the second cycle coincides with the scanning swelling 
curve, vˆ 2(ζ,ζo3) (Fig.4, curve 3) at ζ1<ζ<ζ2. The ζo3 parameter that determines the 
position of this scanning swelling curve is found from the condition (Fig.4) at ζ=ζ1 as 
 
vˆ 2(ζ1,ζo3)= v 1(ζ1,ζo2)  ,                                                                                              (29) 
 
(ζo2 is preliminarily found from Eq.(28)). Further, the shrinkage branch of the second 
cycle coincides with the scanning shrinkage curve, v 2(ζ,ζo4) (Fig.4, curve 4) at 
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ζ1<ζ<ζ2. The ζo4 parameter that determines the position of this scanning shrinkage 
curve is found from the condition (Fig.4) at ζ=ζ2 to be 
 
v 2(ζ2,ζo4)= vˆ 2(ζ2,ζo3)  .                                                                                              (30) 
 
This process can be continued. However, even from the above graphical construction 
(Fig.4) it is clear that, eventually (through a number of steps), we come to a steady 
multifold shrink-swell cycle (Fig.5) with repeating shrinkage and swelling branches in 
the ζ1<ζ<ζ2 range. The above first, second, and a number of following cycles can be 
referred to as transitive ones. In the above consideration we started at the ζ=ζ1 point 
of the primary shrinkage curve, v(ζ) (Fig.4). One can be convinced that starting at the 
ζ=ζ2 point of the primary swelling curve, vˆ (ζ) and conducting the similar 
consideration we come to the same steady multifold shrink-swell cycle (Fig.5). Thus, 
the ζ1<ζ<ζ2 range (within the limits of a given primary (v(ζ), vˆ (ζ)) cycle) in the 
single-valued manner determines the corresponding steady shrink-swell cycle of a 
clay (Fig.5). Its two branches, v (ζ,ζo1) and vˆ (ζ,ζo2), i.e., the corresponding ζo1 and 
ζo2 values that determine the branches (Section 2.1.2) are immediately found from 
two of the evident conditions at ζ=ζ1 and ζ=ζ2 (Fig.5) as 
 
v (ζ1,ζo1)= vˆ (ζ1,ζo2)  ,             and                                                                              (31) 
 
v (ζ2,ζo1)= vˆ (ζ2,ζo2)  .                                                                                                 (32) 
 
Note that at possible erratic movements of the boundary ζ1 and ζ2 points, the steady 
cycle (Fig.5) can be subject to corresponding migration. 
2.2. Clay shrinkage and swelling under loading 
2.2.1. Remarks of the loading effect on the primary shrinkage and swelling curves 
Hereafter the loading, L is considered to be approximately constant at a given 
depth during the shrinkage and swelling processes. The primary shrinkage and 
swelling curves of clay at L=0 are only expressed through two clay characteristics, the 
relative volume of clay solids, vs and relative minimum clay volume, vz [30,31,24] 
(see Section 2.1.1). In particular, characteristic points of the primary shrinkage and 
swelling curves without loading (Fig.2), (ζh, vh), (ζn, vn), and (ζz, vz) are determined 
by vs and vz. By its physical meaning [30,31] vs cannot change with L increase and 
retains its value. Unlike that, vz by its physical meaning [30,31], in general, should 
depend on L. In addition, at L>0 ζh and vh become functions of L independent of vz(L). 
It follows that the above characteristic points and primary clay shrinkage and swelling 
curves depend on L through vz(L) and vh(L) (or ζh(L)). vz(L) is considered in Section 
2.2.2. ζh(L) and vh(L) are considered in Section 2.2.3. The resulting transformation of 
different shrinkage and swelling curves under loading is regarded in Section 2.2.4. In 
the case of the primary shrinkage curve (Fig.6) the point of maximum swelling, (ζh, 
vh) is displaced under loading to the point, (ζh(L),vh(L)) along the saturation line since 
loading keeps the saturation state of clay matrix at a given water content, ζ>ζn(L). The 
ζn and ζz points are, in general, also transformed to ζn(L) and ζz(L), and vn and vz 
decrease to vn(L)<vn and vz(L)<vz (Fig.6). The primary swelling curve is also subject 
to the corresponding change, vˆ (ζ)→ vˆ (ζ,L) where vˆ (ζ)≡ vˆ (ζ,L=0). 
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2.2.2. The minimum clay volume (vz) as a function of loading (L)  
The minimum clay volume, vz corresponds to a rigid clay particle network 
between the oven-dried state (ζ=0) and shrinkage limit (ζ=ζz) (Fig.2). For this reason, 
to describe the vz variation under loading, we can take advantage of the elastic model 
and characterize a dry clay matrix by Young's modulus, E and Poisson's ratio, σ. We 
consider the state of the dry clay under loading, L as the result of homogeneous 
compression of a thick isotropic elastic horizontal layer by pressure L that is applied 
to its surfaces. The deformation of the layer is written as uzz=∆vz/vz (z is a vertical 
axis). vz is the initial value (Fig.6). By definition and from the elasticity theory [33]: 
 
∆vz=vz-vz(L) ,                                                                                                              (33) 
 
∆vz=[L/(αE)]vz ,                                                                                                         (34) 
 
α=(1-σ)/[(1+σ)(1-2σ)] .                                                                                             (35) 
 
Eqs.(33) and (34) give vz(L) as 
 
vz(L)=vz[1-L/(αE)] .                                                                                                   (36) 
 
For different clays the L/(αE) factor in Eq.(36) is always small. Indeed, available data 
on Young's modulus, E and Poisson's ratio, σ of dry clays that were obtained by 
different methods (see [34-37], among others) are characterized by the spread, 
approximately, in the ranges, E∼102-103MPa and σ∼0.1-0.3 (i.e., α∼1-1.4; see 
Eq.(35)). However, in any case at L<Lmax∼1-1.5MPa (for the maximum soil depth 
∼50m) one has the estimate, L/(αE)≤10-3-10-2. The smallness of L/(αE) justifies the 
use of the elastic model in estimating the vz(L) dependence of clay. At sufficiently 
small loading, L</≅100kPa Eq.(36) gives vz(L)≅vz since L/(αE)≤10
-4
-10
-3
. The 
corresponding available data are analyzed in Sections 5 and 7. 
2.2.3. The maximum swelling point (ζh,vh) variation as a function of loading (L) 
For all clays at L=0 ζh≅0.5 and vh≅0.5(1+vs)≅0.57-0.6 [25,32]. At L>0 we need 
explicit dependences, ζh(L) and vh(L). They are linked by Eq.(2) at ζ=ζh(L) as 
 
vh(L)=vs+(1-vs)ζh(L) .                                                                                                 (37) 
 
With the L growth ζh(L) varies between the maximum, ζh=0.5 at L=0 (Eq.(1)) and 
some minimum. The latter follows from Eq.(37) since vh(L) also decreases with the L 
increase starting from vh=0.5(1+vs), but cannot be less than vz at L→∞ (Fig.6). 
Replacing vh(L) in Eq.(37) with vz we come to the minimum of ζh(L→∞)=(vz-vs)/(1-
vs). By its physical meaning, (vz-vs)/(1-vs) is the ratio of the minimum to the potential 
maximum (at the liquid limit) pore volumes of the clay (i.e., its major swelling 
characteristic). This physical meaning is in the agreement with the physical meaning 
of ζh(L→∞). Fig.7 shows the qualitative view of the ζh(L/L*) dependence where L* is 
some characteristic loading of the clay that determines the velocity of ζh decrease 
when L increases. We assume that the negative increment, dζh per unit increment of 
loading, L, i.e., dζh/dL, is proportional to the part of the relative maximum water 
content, ζh(L/L*) that can change at a given L, i.e., to the difference [ζh(L/L*)-(vz-
vs)/(1-vs)] (see Fig.7). Then (1/L* is a proportionality coefficient) 
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dζh=-[ζh(L/L*)-(vz-vs)/(1-vs)]dL/L* .                                                                          (38) 
 
Integration of Eq.(38) with condition, ζh(L=0)=0.5 (Fig.7) gives ζh(L/L*) as 
 
ζh(L/L*)=(vz-vs)/(1-vs)+[0.5-(vz-vs)/(1-vs)]exp(-L/L*) .                                              (39) 
 
Substitution for ζh(L/L*) in Eq.(37) from Eq.(39) gives vh(L/L*) as (at vh=0.5(1+vs)) 
 
vh(L/L*)=vz+(vh-vz)exp(-L/L*) .                                                                                 (40) 
 
The characteristic loading of a clay, L* can only depend on the ratio, (vz-vs)/(1-vs) (see 
Fig.7). According to Eq.(39), with the increase of (vz-vs)/(1-vs) to 0.5 L* should 
decrease to 0 because at any L>0 ζh(L/L*)→0. In addition (vz-vs)/(1-vs)<<1, but L*, in 
general, is not small. Thus, L* is the quickly decreasing and non-small function of the 
small ratio, (vz-vs)/(1-vs) when it increases. The simplest variants of such function are 
 
L*=Lu/[(vz-vs)/(1-vs)]       or        L*=Lu/[(vz-vs)/(1-vs)]
2
                                             (41) 
 
where Lu is a constant (with dimension of loading) that does not depend on the 
properties vs and vz of a particular clay and in this meaning is universal. To choose a 
variant and estimate Lu one should turn to available data (see Sections 5.2.3 and 7.1). 
2.2.4. Different clay shrinkage and swelling curves under loading 
The known dependences, vz(L) (Eq.(36)), vh(L) and ζh(L) (Eqs.(40) and (39)), 
enable the physical quantitative prediction of different shrinkage and swelling curves 
under loading based on their expressions for the case with no loading in Section 2.1. 
With this end in all equations of Section 2.1 one should just replace vz, vh, and ζh=0.5 
with vz(L), vh(L), and ζh(L). As applied to the primary shrinkage and swelling curves, 
it immediately follows from what is stated in Section 2.1.1. For calculations of v(ζ,L) 
and vˆ (ζ,L) (Fig.6) the usual Eqs.(2) and (7) can be utilized with the above 
expressions for Fz, ζz, ζn through vz(L), vh(L), and ζh(L). Relations between the 
primary curves, v(ζ,L) and vˆ (ζ,L) (Fig.6) on the one side and scanning shrinkage 
( v (ζ,ζo,L)) and swelling ( vˆ (ζ,ζo,L)) curves under loading, L on the other side, are 
totally similar to such relations in a no loading case (Figs.2 and 3) since the scanning 
shrinkage and swelling curves are in the single-valued manner connected with 
primary ones (Section 2.1.2). Therefore, the scanning shrinkage and swelling curves 
under loading, v (ζ,ζo,L) and vˆ (ζ,ζo,L) are quantitatively predicted using the same 
Eqs.(9), (10), (12)-(16), (19)-(22), (25) and (26) (Section 2.1.2) with the above 
expressions, Fz(vs,vz(L)), ζz(vs,vz(L)), ζn(vs,vz(L), vh(L), and ζh(L). At the known 
scanning curves under loading, v (ζ,ζo,L) and vˆ (ζ,ζo,L) the issue of finding the 
transitive and steady shrink-swell cycles under loading in the range, 0<ζ1<ζ<ζ2<ζh(L) 
(Fig.6; ζ1 and ζ2 are not shown), is similar to the analogous issue in the case without 
loading (Section 2.1.3; Figs.4 and 5). Now Eqs.(28)-(32) are utilized to the curves, 
v (ζ,ζo,L) and vˆ (ζ,ζo,L). 
In spite of the always small change of the clay volume, vz(L) with the L growth 
(Eq.(36)), the volume variation of a soil, that includes this clay, can be quite 
appreciable at small water contents even at L<10kPa when vz(L)≅vz=const. The reason 
for this is the non-clay porosity variation with L (Sections 5 and 7). The two last 
paragraphs of Section 2.1.2 (about the maximum and minimum internal pore sizes, 
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saturation degree, and clay porosity as well as transition to the customary coordinates) 
are extended to the loading case by the replacement of any relative or specific clay 
volume with relevant volume under loading (e.g., v (ζ,ζo)→ v (ζ,ζo,L) and 
vˆ (ζ,ζo)→ vˆ (ζ,ζo,L), ),( owwV → ),,( o LwwV  and ),(ˆ owwV → ),,(ˆ o LwwV ) and by 
accounting for ζh→ζh(L) while calculating )(h Lw  using Eq.(8). 
3. Shrinkage and swelling of the intra-aggregate matrix of a soil 
In this section we consider the transformation of the results from Section 2 for a 
clay paste to the case of a soil intra-aggregate matrix that consists of the clay (as a 
shrink-swell agent), silt and sand grains, and lacunar pores (Fig.1). In other words, we 
consider the expressions for the primary shrink-swell curves (Section 3.1.1; a part of 
the section is a brief review of necessary points from [24]) as well as for the scanning 
shrink-swell curves and multifold shrink-swell cycles (Section 3.1.2) of an intra-
aggregate matrix with no loading through the similar curves and cycles of the 
contributive clay, and then the similar relations for the loading case (Section 3.2). 
3.1. Shrinkage and swelling of intra-aggregate matrix with no loading 
3.1.1. Primary shrinkage and swelling curves 
The relative volumes of the intra-aggregate matrix at shrinkage, u(ζ) and swelling, 
uˆ (ζ) without loading in the maximum range of water content, 0<ζ≤ζh, i.e., the 
primary shrink-swell curves, u(ζ) and uˆ (ζ) are linked with the primary shrink-swell 
curves of the contributive clay, v(ζ) and vˆ (ζ) (Section 2.1.1; Fig.2) as [25,26,24] 
 
v(ζ)=(u(ζ)-ulp(ζ)-uS)/(1-uS) ,                        0<ζ≤ζh                                                (42a) 
 
vˆ (ζ)=( uˆ (ζ)- lpuˆ (ζ)-uS)/(1-uS) ,                    0<ζ≤ζh                                                (42b) 
 
where uS is the relative volume of the non-clay solids in the intra-aggregate matrix 
(Fig.1; silt and sand grains); ulp(ζ) and uˆ lp(ζ) are the relative volumes of the lacunar 
pores (Fig.1) in the intra-aggregate matrix at shrinkage [25-27] and swelling [24], 
respectively. Relations given by Eqs.(42a) and (42b) flow out of definitions of the 
values that enter them. To estimate u(ζ) and uˆ (ζ) (at the known v(ζ) and vˆ (ζ)) one 
should first find ulp(ζ) and uˆ lp(ζ). To this end the lacunar factor, k was introduced 
[26,27]; it only depends on the internal characteristics of the intra-aggregate matrix 
[38] (Fig.1), does not depend on water content, and coincides at shrinkage and 
swelling [24]. By definition of k, dulp(ζ) and uˆd lp(ζ) are presented as [26,27,24] 
 
dulp(ζ)=-kducp(ζ) ,                       0<ζ≤ζh                                                                  (43a) 
 
uˆd lp(ζ)=-k uˆd cp(ζ) ,                     0<ζ≤ζh                                                                 (43b) 
 
where ucp(ζ) and uˆ cp(ζ) are the relative volumes of clay pores in the intra-aggregate 
matrix (along the primary shrinkage and swelling curves, respectively). ucp(ζ) and 
uˆ cp(ζ) can be written as [26,27,24] 
 
ucp(ζ)=(v(ζ)-vs)(1-uS) ,                  0<ζ≤ζh                                                                (44a) 
 
uˆ cp(ζ)=( vˆ (ζ)-vs)(1-uS) ,                0<ζ≤ζh  .                                                            (44b) 
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Eqs.(44a) and (44b) flow out of definitions of the values that enter them. In addition, 
we can use the conditions at the shrinkage end [26,27] as 
 
ulp(0)=ulpz                                                                                                                 (45a) 
 
(ulpz is the ulp(ζ) maximum) and at the swelling start [24] as 
 
uˆ lp(0)=ulpz                                                                                                                (45b) 
 
(at the evident condition, uˆ lpz=ulpz [24]). Replacing ucp(ζ) in Eq.(43a) from Eq.(44a) 
and uˆ cp(ζ) in Eq.(43b) from Eq.(44b) and integrating the relations to be obtained with 
the use of Eqs.(45a) and (45b), we find the relations being sought to be 
 
ulp(ζ)=ulpz-k(1-uS)(v(ζ)-vz) ,                    0<ζ≤ζh                                                      (46a) 
 
uˆ lp(ζ)=ulpz-k(1-uS)( vˆ (ζ)-vz) ,                  0<ζ≤ζh  .                                                  (46b) 
 
According to [26,27]: (i) if lacunar pores already exist at maximum swelling, ζ=ζh 
then k>0 and ulpz>0; (ii) if lacunar pores only appear at ζ=ζl<ζh, then k=0 at ζl<ζ<ζh 
and k>0 at 0<ζ≤ζl and ulpz>0; and (iii) if lacunar pores do not appear at shrinkage, 
then k=0 and ulpz=0. Substituting for ulp(ζ) and uˆ lp(ζ) in Eqs.(42a) and (42b) the 
expressions found from Eqs.(46a) and (46b), we obtain the primary shrinkage and 
swelling curves of the intra-aggregate matrix to be 
 
u(ζ)=ulpz+k(1-uS)vz+uS+(1-k)(1-uS)v(ζ) ,                    0<ζ≤ζh ,                                (47a) 
 
uˆ (ζ)=ulpz+k(1-uS)vz+uS+(1-k)(1-uS) vˆ (ζ) ,                  0<ζ≤ζh ,                               (47b) 
 
where v(ζ) is from Eq.(2) and vˆ (ζ) from Eq.(7). The primary shrink-swell cycle in the 
intra-aggregate matrix, (u(ζ), uˆ (ζ)) (according to Eqs.(47a) and (47b) u(0)= uˆ (0) and 
u(ζh)= uˆ (ζh)) is qualitatively similar to the primary shrink-swell cycle of the 
contributive clay, (v(ζ), vˆ (ζ)) (cf. Eqs.(47a) and (47b) and Fig.2 or 3). However, in 
general, unlike the case of clay (Figs.2 or 3), the slope of the primary shrinkage curve 
of the intra-aggregate matrix, du/dζ in the basic shrinkage range, ζn<ζ≤ζh is less then 
the slope of the saturation line (Fig.8), and the initial point of the curve (ζh,uh) is on 
the pseudo saturation line (Fig.8) [26,27]. The reason for that is the presence of 
lacunar pores in the intra-aggregate matrix (Fig.1). In this case 0<k<1 and in 
Eqs.(47a) and (47b) (1-k)<1 [26,27]. 
To transit to the customary coordinates (w,U) and (w,Uˆ ) (specific volume vs. 
gravimetric water content of the soil intra-aggregate matrix at shrinkage and swelling; 
w≡ wˆ ) one can use [24-26] 
 
w=((1-us)/us)(ρw/ρs)ζ;      U=u/(usρs);      Uˆ = uˆ /(usρs),      0<w≤wh    (w=c w )        (48) 
 
where wh=w(ζh); c being the clay content. The cycle (U(w),Uˆ (w)) is qualitatively 
similar to the cycles (u(ζ), uˆ (ζ)) and (v(ζ), vˆ (ζ)) (Figs.2 or 3). 
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3.1.2. Scanning shrinkage and swelling curves as well as transitive and steady shrink-
swell cycles without loading 
Eqs.(42a) and (42b) that connect the primary shrinkage and swelling curves of the 
intra-aggregate matrix (u(ζ) and uˆ (ζ)) with those of the contributive clay (v(ζ) and 
vˆ (ζ)), reflect a particular case of the more general link between a point of (ζ,u) plane 
(here u symbolizes the u coordinate, but not a shrinkage curve) that is between the 
primary shrinkage and swelling curves of the intra-aggregate matrix (Fig.8) and the 
corresponding point of (ζ,v) plane that is between the primary shrinkage and swelling 
curves of the contributive clay (Figs. 2 or 3). In other words the relations that are 
similar to Eqs.(42a) and (42b) should also be fulfilled at possible water contents, ζ for 
the volumes of the intra-aggregate matrix and contributive clay along any scanning 
shrinkage ( v (ζ,ζo) and u (ζ,ζo)) and swelling ( vˆ (ζ,ζo) and uˆ (ζ,ζo)) curves as 
 
v (ζ,ζo)=(u (ζ,ζo)-u lp(ζ,ζo)-uS)/(1-uS) ,                    0<ζ<ζo≤ζh                              (49a) 
 
vˆ (ζ,ζo)=( uˆ (ζ,ζo)- uˆ lp(ζ,ζo)-uS)/(1-uS) ,                    0<ζo<ζ≤ζh  .                           (49b) 
 
Here u lp(ζ,ζo) and uˆ lp(ζ,ζo) designate the relative lacunar pore volume along the 
corresponding scanning shrinkage and swelling curves of the intra-aggregate matrix; 
ζo indicates the initial point of the scanning shrinkage or swelling curve (as in Figs.3 
or 2 for clay). ζo can be used for "marking" the scanning curves. 
The relation between the relative volumes of lacunar pores and clay pores in the 
intra-aggregate matrix that was indicated in Eqs.(43a) and (43b) along the primary 
curves is also more general and can be written along the scanning curves as 
 
lpdu (ζ,ζo)=-k cpdu (ζ,ζo) ,                       0<ζ<ζo≤ζh                                                (50a) 
 
lp
ˆdu (ζ,ζo)=-k cpˆdu (ζ,ζo) ,                        0<ζo<ζ≤ζh                                                (50b) 
 
where cpu (ζ,ζo) and cpuˆ (ζ,ζo) are the relative volumes of the clay pores (in the intra-
aggregate matrix) along the scanning shrinkage and swelling curves marked by ζo. 
Eqs.(44a) and (44b) that relate to the primary curves are also fulfilled along the 
scanning shrinkage and swelling curves as 
 
cpu (ζ,ζo)=( v (ζ,ζo)-vs)(1-uS) ,                 0<ζ<ζo≤ζh                                                (51a) 
 
cpuˆ (ζ,ζo)=( vˆ (ζ,ζo)-vs)(1-uS) ,                 0<ζo<ζ≤ζh  .                                             (51b) 
 
For the lacunar pore volume, u lp(ζ,ζo) along the scanning shrinkage curve, we can 
use the same condition at the shrinkage end as in Eq.(45a) 
 
u lp(0,ζo)=ulpz ,                       0<ζo≤ζh  .                                                                   (52a) 
 
However for the lacunar pore volume, uˆ lp(ζ,ζo) along the scanning swelling curve, 
unlike Eq.(45b) it is more convenient to use the condition at the swelling end as 
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uˆ lp(ζh,ζo)=ulph ,                       0<ζo≤ζh                                                                    (52b) 
 
( lphuˆ =ulph is the relative volume of lacunar pores at maximum swelling [24]). 
Replacing cpu (ζ,ζo) in Eq.(50a) from Eq.(51a) and cpuˆ (ζ,ζo) in Eq.(50b) from 
Eq.(51b), and integrating the relations to be obtained with the use of Eqs.(52a) and 
(52b) we find (cf. Eqs.(46a) and (46b)) 
 
u lp(ζ,ζo)=ulpz-k(1-uS)( v (ζ,ζo)-vz) ,                0<ζ<ζo≤ζh                                         (53a) 
 
uˆ lp(ζ,ζo)=ulph+k(1-uS)(vh- vˆ (ζ,ζo)) ,               0<ζo<ζ≤ζh .                                      (53b) 
 
Replacing ulph in Eq.(53b) as ulph=ulpz-k(1-uS)(vh-vz) [26] (see Eq.(46a) at ζ=ζh) one 
can rewrite Eq.(53b) as (cf. Eq.(46b)) 
 
uˆ lp(ζ,ζo)=ulpz-k(1-uS)( vˆ (ζ,ζo)-vz) ,                   0<ζo<ζ≤ζh .                                    (53c) 
 
Note that u lp(ζ,ζo) from Eq.(53a) automatically meets the necessary condition, 
u lp(ζ,ζo)
oζζ=
= uˆ lp(ζo) at the scanning shrinkage start (Fig.3 after the symbol change 
v→u) with uˆ lp(ζo) from Eq.(46b) since v (ζ,ζo)
oζζ=
= vˆ (ζo) (Eq.(17); see Fig.3). 
Similarly, uˆ lp(ζ,ζo) from Eq.(53c) automatically meets the necessary condition, 
uˆ lp(ζ,ζo)
oζζ=
=ulp(ζo) at the scanning swelling start (see Fig.2 after the symbol change 
v→u) with ulp(ζo) from Eq.(46a) since vˆ (ζo,ζo)=v(ζo) (Eq.(11); see Fig.2). 
Substituting for u lp(ζ,ζo) and uˆ lp(ζ,ζo) in Eqs.(49a) and (49b) the expressions 
found from Eqs.(53a) and (53c), we obtain the scanning shrinkage and swelling 
curves of the intra-aggregate matrix to be (cf. Eqs.(47a) and (47b)) 
 
u (ζ,ζo)=ulpz+k(1-uS)vz+uS+(1-k)(1-uS) v (ζ,ζo) ,                 0<ζ<ζo≤ζh                    (54a) 
 
uˆ (ζ,ζo)=ulpz+k(1-uS)vz+uS+(1-k)(1-uS) vˆ (ζ,ζo) ,                 0<ζo<ζ≤ζh ,                  (54b) 
 
where v (ζ,ζo) is from Eqs.(14)-(16), (19)-(22), (25), and (26), and vˆ (ζ,ζo) is from 
Eqs.(9), (10), (12), and (13). The expressions for u (ζ,ζo) and uˆ (ζ,ζo) (Eqs.(54a) and 
(54b)) show that the scanning shrinkage and swelling curves of the intra-aggregate 
matrix are arranged inside the primary shrink-swell cycle, (u(ζ), uˆ (ζ)) (Eqs.(47a) and 
(47b)) similar to the arrangement of the clay scanning curves, v (ζ,ζo) and vˆ (ζ,ζo) 
inside the primary cycle, (v(ζ), vˆ (ζ)) (Figs.2 and 3). 
Using the found u (ζ,ζo) and uˆ (ζ,ζo) scanning curves (Eqs.(54a) and (54b)) in 
Eqs.(28)-(32) instead of v (ζ,ζo) and vˆ (ζ,ζo), one can construct the transitive and 
steady shrink-swell cycles for the intra-aggregate matrix without loading in the total 
analogy to the case of the contributive clay in Section 2.1.3 (Figs.4 and 5). Possible 
differences in the slope of the primary shrinkage curves (in the basic shrinkage range) 
of the clay and intra-aggregate matrix (see the paragraph after Eq.(47b) and Fig.8), are 
not essential for the analogy. 
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The transition from the relative to customary coordinates as applied to the 
scanning curves of the intra-aggregate matrix, is realized by the same relations 
(Eq.(48)) after the evident replacements, u(ζ)→u (ζ,ζo), uˆ (ζ)→ uˆ (ζ,ζo), 
U(w)→U (w,wo), Uˆ (w)→Uˆ (w,wo), and addition, wo=((1-us)/us)(ρw/ρs)ζo. 
Qualitatively, the U (w,wo) and Uˆ (w,wo) curves are similar to the u (ζ,ζo) and 
uˆ (ζ,ζo) or v (ζ,ζo) and vˆ (ζ,ζo) curves, respectively, in Figs.2 and 3. 
3.2. Shrinkage and swelling of intra-aggregate matrix under loading 
3.2.1. The lacunar factor and maximum lacunar pore volume under loading 
Transformations of the lacunar factor, k (entering Eqs.(47a), (47b), (54a), and 
(54b)) and maximum lacunar pore volume in the intra-aggregate matrix at the end of 
shrinkage, ulpz (in Eqs.(47a), (47b), (54a), and (54b) ulpz≡ulpz(L=0)) under loading, L 
have so far not been considered. Note that uS entering indicated equations, by its 
definition [26], cannot vary with L (since uS=vs(1-c)[c+vs(1-c)]
-1
 [26]). 
The lacunar factor, k as a function of only internal characteristics of intra-
aggregate matrix -clay content, c, clay type, and soil texture- is presented [38] as 
 
k(c/c*)=[1-(c/c*)3]1/3,                0<c/c*<1                                                                (55a) 
 
k(c/c*)=0,                                  1<c/c*<1/c*                                                           (55b) 
 
c*=[1+(vz/vs)(1/p-1)]
-1
                                                                                              (55c) 
 
where c* is the critical clay content and p is the porosity of the contributive silt and 
sand grains when they are in the state of imagined contact [25]. k(c/c*(L)) is 
determined by substitution for vz in Eq.(55c) the vz(L) dependence (Eq.(36)). 
To estimate ulpz(L), first we estimate ulph(L). By definition, ulph is the lacunar pore 
volume in the intra-aggregate matrix (Fig.1) at ζ=ζh (Eq.(46a)). One can consider that 
at the maximum swelling point, ζ=ζh the intra-aggregate matrix is in the visco-plastic 
state or close to that. In such state the pore volumes of different type approximately 
change with loading, L proportionally to each other. In other words, it is natural to 
consider that the lacunar pore volume, ulph(L) (Fig.1) varies with loading, L 
proportionally to the volume, (vh(L)-vs) of the clay matrix pores (in relative units) in 
the intra-aggregate matrix at ζ=ζh (Fig.1). Then, taking ulph(L=0)≡ulph and vh(L=0)≡vh 
we estimate the sought ulph(L) dependence as (vh(L) being from Eq.(40)) 
 
ulph(L)=ulph(vh(L)-vs)/(vh-vs) ,                     L>0  .                                                     (56a) 
 
Then, ulpz(L) follows from Eqs.(46a), (55a)-(55c), (56a), (40), and (36) as 
 
ulpz(L)=ulph(L)+k(c/c*(L))(1-uS)(vh(L)-vz(L)) ,            L>0  .                                   (56b) 
 
Thus, k(L) and ulpz(L) are determined by the same major dependences, vz(L) (Eq.(36)) 
and vh(L) (Eq.40). According to Eq.(56a) ulph(L)=0 follows ulph=0, as it should be (if 
lacunar pores at ζ=ζh are absent before loading, all the more they cannot appear after 
loading). However, if in this case (ulph=0) k(c/c*(L)) (from Eqs.(55a)-(55c)) is more 
than zero the lacunar pores can appear at shrinkage under loading (cf. Sections 5 and 
7). If ulph>0, according to Eq.(56a) ulph(L)<ulph, as it should be. With that 
k(c/c*(L))>k(c/c*(L=0)) (see Eqs.(55a)-(55c), and (36)). Therefore the fraction, k(L) 
of the clay pore volume increment at shrinkage-swelling that transforms into the 
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lacunar pore volume increment [38] (Eqs.(43a) and (43b)) can increase with loading. 
However, the shrinkage-swelling itself becomes weaker since the slope (1-k(L)) of the 
shrinkage curve in the basic shrinkage range [26] decreases at loading. Note that at 
L</≅100kPa when vz(L)≅vz=const (Section 2.2.2) k(L) is also constant (see Eqs.(55)). 
3.2.2. Different shrink-swell curves of intra-aggregate matrix under loading 
The quantitative prediction of the primary shrinkage (u(ζ,L)) and swelling 
( uˆ (ζ,L)) curves of an intra-aggregate matrix under loading immediately follows from 
Eqs.(47a) and (47b) as 
 
u(ζ,L)=ulpz(L)+k(L)(1-uS)vz(L)+uS+(1-k(L))(1-uS)v(ζ,L) ,     0<ζ≤ζh(L) ,   L≥0 ,    (57a) 
 
uˆ (ζ,L)=ulpz(L)+k(L)(1-uS)vz(L)+uS+(1-k(L))(1-uS) vˆ (ζ,L) ,   0<ζ≤ζh(L) ,   L≥0 ,   (57b) 
 
with the preliminarily calculated basic dependences, vz(L) (Eq.(36)), ζh(L) (Eq.(39)), 
vh(L) (Eq.(40)), and then the primary shrinkage (v(ζ,L)) and swelling ( vˆ (ζ,L)) curves 
for the contributive clay under loading (see Sections 2.2.1-2.2.4) as well as ulpz(L) and 
k(L) (Section 3.2.1). Fig.8 shows the transformation geometry of the maximum (i.e., 
primary) shrink-swell cycle of the intra-aggregate matrix, (u(ζ), uˆ (ζ)) without loading 
to the similar cycle, (u(ζ,L), uˆ (ζ,L)) under loading (cf. Fig.6 for clay). 
The scanning shrinkage (u (ζ,ζo,L)) and swelling ( uˆ (ζ,ζo,L)) curves inside the 
maximum shrink-swell cycle of the intra-aggregate matrix under loading, (u(ζ,L), 
uˆ (ζ,L)) (Fig.8) follow from Eqs.(54a) and (54b) as (L≥0) 
 
u (ζ,ζo,L)=ulpz(L)+k(L)(1-uS)vz(L)+uS+(1-k(L))(1-uS) v (ζ,ζo,L) ,  0<ζ<ζo≤ζh(L),   (58a) 
 
uˆ (ζ,ζo,L)=ulpz(L)+k(L)(1-uS)vz(L)+uS+(1-k(L))(1-uS) vˆ (ζ,ζo,L) ,  0<ζo<ζ≤ζh(L),   (58b) 
 
with the preliminarily calculated vz(L), ζh(L), vh(L), ulpz(L), and k(L), as above, as well 
as the scanning shrinkage ( v (ζ,ζo,L)) and swelling ( vˆ (ζ,ζo,L)) curves for the 
contributive clay under loading (see Sections 2.2.1-2.2.4). 
At the known scanning curves, u (ζ,ζo,L) and uˆ (ζ,ζo,L) the finding of the 
transitive and steady shrink-swell cycles in the intra-aggregate matrix under loading 
in the range, 0<ζ1<ζ<ζ2<ζh(L) (Fig.8; ζ1 and ζ2 are not shown) is totally similar to the 
analogous issue in the case of contributive clay under loading (section 2.2.4; Figs.4 
and 5 with replacements, v (ζ,ζo)→ v (ζ,ζo,L) and vˆ (ζ,ζo)→ vˆ (ζ,ζo,L)). Eqs.(28)-(32) 
are utilized to the scanning curves, u (ζ,ζo,L) and uˆ (ζ,ζo,L) as indicated above. 
The last paragraph of Section 3.1.2, about the transition to the customary 
coordinates, is extended to the loading case by the replacement of any relative or 
specific volume of the intra-aggregate matrix with the relevant volume under loading 
(e.g., u (ζ,ζo)→u (ζ,ζo,L) and uˆ (ζ,ζo)→ uˆ (ζ,ζo,L); U (w,wo)→U (w,wo,L) and 
Uˆ (w,wo)→Uˆ (w,wo,L)) and using ζh→ζh(L) in calculation of wh(L) from Eq.(48). 
Finally, it should be stressed that all the different shrinkage and swelling curves of 
the contributive clay (Section 2) in the single-valued manner determine the 
corresponding curves of the soil intra-aggregate matrix both without and under 
loading through c, vs, vz(L), and vh(L) or ζh(L). 
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4. Shrinkage-swelling and cracking of a soil 
Based on [24,28,39] and results of the previous sections, we consider shrinkage-
swelling of a real soil with no cracking and loading (Section 4.1), with cracking and 
no loading (Section 4.2), and with cracking and under loading (Section 4.3). 
4.1. Reference shrinkage and swelling of a soil 
Proceeding to a real soil (Fig.1) that includes the intra-aggregate matrix (Section 
3), interface layer of aggregates, and inter-aggregate (structural) pores, we, first, 
consider the reference shrinkage and swelling of the soil. By definition reference 
shrinkage and swelling occurs without cracking and loading. Such shrinkage and 
swelling in terms of the primary and, hence, scanning shrink-swell curves can be 
realized using sufficiently small soil samples [28,24]. The reference primary 
shrinkage and swelling curves (i.e., for small samples) are necessary to present the 
primary shrinkage and swelling curves with crack volume contribution (i.e., in the 
case of a layer and large sample) [28,24] (see the brief necessary points in Section 
4.2.1). Similarly, the reference scanning shrink-swell curves are necessary to present 
the scanning shrink-swell curves with crack contribution (Section 4.2.2). 
4.1.1. Reference multifold primary shrinkage and swelling of a soil 
By definition, primary shrinkage and swelling of a soil occurs in the maximum 
possible water content range [24]. Such shrink-swell cycle leads to aggregate 
destruction (see [40,41,21], among others). For this reason, after the cycle the soil 
does not return to the initial state. Its volume and water content at the new maximum 
swelling point decrease (Fig.9) (see observations in [21] and a physical explanation 
and prediction in [24]) unlike the volume and water content of clay paste or intra-
aggregate matrix (see Figs.2 and 8). A brief exposition, we will rely on, of the 
necessary points of the first reference primary shrink-swell cycle is as follows [24]. 
(1) The soil specific volume of the first reference primary shrinkage (Yr) and 
swelling ( rYˆ ) is presented as (Fig.9, curves 1 and 2) 
 
Yr(w')=U'(w')+Ui+Us ,                   0≤w'≤w′h         (w'=w/K) ,                                  (59a) 
 
)ˆ(ˆr wY ′ = )ˆ(ˆ wU ′′ + iUˆ +Us ,              0≤w′ˆ ≤ hwˆ′        (w′ˆ =w/ Kˆ ) ,                                (59b) 
 
with Us being the constant (at reference shrinkage and swelling) contribution of the 
inter-aggregate (structural) pores (Fig.1); Ui and iUˆ  being the constant (for a given 
soil) contributions of the interface layer (Fig.1) at shrinkage and swelling, 
respectively; U'(w') and )ˆ(ˆ wU ′′  being the contributions of the intra-aggregate matrix 
(Fig.1) at shrinkage and swelling, respectively; w' and w′ˆ  being the contributions of 
the intra-aggregate matrix (Fig.1) to the total gravimetric water content, W and Wˆ  
(see below) at shrinkage and swelling, respectively; and w′h and hwˆ′  corresponding to 
shrinkage start and swelling finish, respectively, in the first primary shrink-swell cycle 
(for K and Kˆ  see below). U'(w') and )ˆ(ˆ wU ′′  are expressed through the specific 
volume of the intra-aggregate matrix, U(w) and )ˆ(ˆ wU  at primary shrinkage and 
swelling, respectively (that were considered in Section 3.1.1; see Eq.(48)), as 
 
U'(w′)=U(w'K)/K ,            0≤w'≤w′h             (w'K=w)  ,                                           (60a) 
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)ˆ(ˆ wU ′′ = KKwU ˆ/)ˆˆ(ˆ ′  ,       0≤w′ˆ ≤ hwˆ′            (w′ˆ Kˆ = wˆ=w) ,                                   (60b) 
 
where K and Kˆ are aggregate/intra-aggregate mass ratio at shrinkage and swelling, 
respectively. In turn, K and Kˆ  are expressed through Ui [39] and iUˆ  [24] as 
 
K=(1-Ui/Uh)
-1
                            (Uh=uh/(usρs), see Eq.(48)) ,                                   (61a) 
 
Kˆ=K[1-K( iUˆ -Ui)/Uz]
-1
             (Uz=uz/(usρs), see Eq.(48)) .                                   (61b) 
 
The iUˆ -Ui difference gives the increment, ∆ iUˆ  of the interface layer volume (Fig.1) 
at the expense of the aggregate destruction while the transition from shrinkage to 
swelling occurs at W=Wˆ ≅0. The iUˆ -Ui difference originates the decrease of the 
maximum specific soil volume after the reference primary shrink-swell cycle, 
∆Yrh≡Yrh- rhYˆ ≡Yr(w'h)- 'ˆ(ˆr wY h)>0 [24] (Fig.9). With that (see Eqs.(60a) and (59a), 
Eqs.(60b) and (59b), and Eq.(48) for uh= huˆ ) 
 
Yrh=Uh/K+Ui+Us       and      rhYˆ = KU ˆ/ˆh + iUˆ +Us=Uh/ Kˆ + iUˆ +Us .                          (62) 
 
Finally, Ui and iUˆ  are connected with maximum and minimum aggregate sizes at the 
start of shrinkage (Xmin, Xm) and after the aggregate destruction at the start of swelling 
( minXˆ =Xmin, mXˆ ) [24,39] as 
 
Ui=G(xn/Xm, Ph, Uh)        and        iUˆ =G(xn/ mzXˆ , Pz, Uz)                                       (63a) 
 
where xn≅Xmin= minXˆ  is the mean size of soil solids; Ph and Pz are the structural 
porosity at shrinkage close to W=Wh and W=Wz as 
 
Ph=Us/Yh=Us/(Uh+Us)         and         Pz=Us/Yrz=Us/(Uz/K+Ui+Us) ,                        (63b) 
 
and the G(α,β,χ) function is defined as 
 
G(α,β,χ)=χ
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with F(η,β) distribution from [42] as 
 
F(η,β)=(1-βIo(η)/8.4)/(1-β) ,           Io(η)=ln(6)(4η)
4
exp(-4η) ,      0≤η≤1 .                (63d) 
 
In case of the negligible structural porosity (β→0) 
 
F(η, 0)={1-exp[-Io(η)]}/[1-exp(-8.4)]  .                                                                   (63e) 
 
Eqs.(63a)-(63e) are used in Section 4.3.3 when considering the effects of loading. 
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(2) The soil water content at the first reference primary shrinkage (W) and 
swelling (Wˆ ) (Fig.9, curves 1 and 2) is presented as 
 
W(w')=w′+ω(w') ,               0≤w′≤w′h ,                                                                     (64a) 
 
)ˆ(ˆ wW ′ =w′ˆ + )ˆ(ωˆ w′  ,           0≤w′ˆ ≤ hwˆ′  .                                                                   (64b) 
 
Here w′ and w′ˆ  are connected with K and Kˆ , and with Ui and iUˆ  (Eqs.(61a) and 
(61b)) through w'K=w′ˆ Kˆ  (see Eqs.(60a) and (60b)). ω(w') and )ˆ(ωˆ w′  [24] are the 
contributions of the interface layer (Fig.1) at reference primary shrinkage and 
swelling, respectively. The )ˆ(ωˆ w′  contribution at swelling (Eq.(64b)) is divided into 
contributions of the interface layer part that has existed at shrinkage before the 
aggregate destruction ( )ˆω(w′ ) (the part with the specific volume, Ui) and of the 
additional interface layer part that comes into being after the destruction (∆ )ˆ(ωˆ w′ ) 
(the part with the specific volume, ∆ iUˆ = iUˆ -Ui). The ω(w'), )ˆω(w′ , and ∆ )ˆ(ωˆ w′  
contributions are connected with the maximum internal sizes, R(ζ) [25] and Rˆ (ζ) [24] 
of the water-filled clay pores in the intra-aggregate matrix at reference primary 
shrinkage and swelling, respectively (see below point (4)) and calculated as [24] 
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where Πh and Πz are the clay porosity of the interface layer part of the Ui volume and 
iUˆ∆  volume, respectively, as 
 
Πh=1-(us+ulph)/uh         and          Πz=1-(us+ulpz)/uz .                                               (65d) 
 
The Fi(η,Π) function (Π≡Πh or Πz) is defined as (for Io(η) see Eq.(63d)) 
 
Fi(η,Π)=(1-(1-Π)
Io(η)/8.4)/Π .                                                                                    (65e) 
 
The η(x , y, z) function is defined as 
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η(x , y, z)=(x-y)/(z-y) .                                                                                              (65f) 
 
Rmin and Rm are the minimum and maximum sizes of the non-shrinking clay pores in 
the interface layer part of the Ui volume at shrinkage (for more detail see [25]) and 
connected with rm(v) (Eq.(6a)) as 
 
Rmin=(rm(vn)+rm(vh))/2         and        Rm=rm(vh) .                                                     (65g) 
 
minRˆ  and mRˆ  are the minimum and maximum sizes of non-shrinking and non-
swelling clay pores in the interface layer part of the ∆ iUˆ  volume at swelling (for more 
detail see [24]) and connected with rm(v) (Eq.(6a)) and ro(v) (Eq.(6b)) as 
 
minRˆ =ro(vz)           and             mRˆ =rm(vz) .                                                             (65h) 
 
w's, bwˆ′ , and ewˆ′  meet the following conditions [24] 
 
R(w's)=Rmin ,           )ˆ(ˆ bwR ′ =Rmin ,             and            )ˆ(ˆ ewR ′ = mRˆ  .                         (65i) 
 
Eqs.(65a)-(65i) are used in Section 4.3.4 when considering the effects of loading. 
According to Eqs.(64a), (64b), and (65a)-(65c) the found ω(w'), )ˆω(w′ , and ∆ )ˆ(ωˆ w′  
show that ∆Wh=Wh-Wˆ h≡W(w'h)-Wˆ ( hwˆ′ )>0 [24] (Fig.9). With that [24] 
 
Wh=w'h+ρwUiΠh       and        Wˆ h=w'hK/ Kˆ +ρwUiΠh+ρw iUˆ∆ Πz ,                             (66) 
 
(3) Eqs.(59a), (64a) and Eqs.(59b), (64b) give the parametrical determination of 
the first reference primary shrinkage curve, Yr(W) at 0≤W≤Wh (Fig.9, curve 1) and the 
first reference primary swelling curve, )ˆ(ˆr WY  at 0≤Wˆ ≤Wˆ h (Fig.9, curve 2). 
(4) The R(ζ) size entering Eq.(65a) at ζs≤ζ<ζh ( hs www ′<′≤′ ) is calculated as [25] 
 
R(ζ)=rm(v(ζ)) ,                                ζn≤ζ<ζh .                                                            (67) 
 
(rm(v(ζ)) is from Eq.(6a)). It is worth noting the equation that is important for the 
calculation of )ˆω(w′  (Eq.(65b)) and ∆ )ˆ(ωˆ w′  (Eq.(65c)) and determines the maximum 
internal size, Rˆ (ζ) of the water-filled clay pores in the intra-aggregate matrix at the 
first reference primary swelling [24] to be 
 
f(η( )ζ(Rˆ ), Pˆ )=(1-vs)ζ/( vˆ (ζ)-vs)+( vˆ (ζ)-v(ζ))/( vˆ (ζ)-vs) ,     0≤ζ≤ζh  .                     (68a) 
 
The terms in the right part give the summary volume fraction of adsorbed water and 
entrapped air. The left part gives the volume fraction of the clay pores of the 
maximum size, Rˆ (ζ). The f(η, Pˆ ) function is written as [42] (for Io(η) see Eq.(63d)) 
 
f(η, Pˆ )=(1-(1- Pˆ )Io(η)/8.4)/ Pˆ  ;                                     0≤η≤1                                    (68b) 
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where Pˆ  is clay porosity at swelling (see Eq.(5) at v(ζ)→ vˆ (ζ)) and 
 
η( )ζ(Rˆ )=( )ζ(Rˆ - )ζ(oˆr )/( )ζ(mˆr - )ζ(oˆr )                                                                     (68c) 
 
(see Eqs.(6a) and (6b) at v(ζ)→ vˆ (ζ)). Eqs.(67), (68a)-(68c)) will be needed in Section 
4.3.4 when considering the ω(w') and )ˆω(w′  variation under loading.  
Based on the above, one can consider the second and following reference primary 
cycles (Fig.9, curves 3 and 4). For the second cycle the initial maximum volume and 
water content are rhYˆ  instead of Yrh and Wˆ h instead of Wh (Fig.9). It is obvious that 
such cycles, with water content variation in the maximum possible range and, 
correspondingly, with aggregate destruction can only be realized in the upper part of 
the soil profile. The estimates [24] show that the cycles lead to quick destruction of 
aggregates. Thereby the model, at least qualitatively, also explains and describes soil 
crusting (more detail consideration of the latter is beyond the scope of the work). For 
the physical parameters of the contributive clay as well as soil texture and structure, 
that in the single-valued manner determine the reference primary shrinkage and 
swelling curves see [28,24]. 
4.1.2. Reference scanning shrinkage and swelling curves of a soil 
At sufficiently large depths of soil profile the water content usually varies in a 
relatively small range, and shrinkage-swelling does not lead to aggregate destruction. 
In terms of the reference primary shrink-swell cycle it means that iUˆ =Ui (∆ iUˆ =0) 
and Kˆ =K (Eq.(61b)). Correspondingly, Yrh= rhYˆ  (∆Yrh=0; Eq.(62)) and Wh=Wˆ h 
(∆Wh=0; Eq.(66)). That is, in the consideration of the reference scanning shrinkage 
and swelling curves (i.e., curves that vary in a range ∆W<Wh and ∆Wˆ <Wˆ h), we 
should use the quasi primary shrink-swell cycle that includes the reference quasi 
primary swelling curve, r
ˆˆY (Wˆ ) corresponding to iUˆ =Ui and Kˆ =K (Fig.9, dashed 
line 2' of the first cycle; see also Figs.10 and 11). Similar to the reference primary 
shrinkage curve, Yr(W) (Eqs.(59a) and (64a)) the reference scanning shrinkage curve, 
rY (W , oW ) (Fig.10, curve 3) includes the contributions of the intra-aggregate matrix, 
interface layer, and structural pores (Fig.1) to the specific soil volume, rY (w',w'o) and 
the two first contributions to the soil gravimetric water content, W (w',w'o) that can be 
presented as (accounting for iUˆ =Ui, Kˆ =K, and w′ˆ =w′) 
 
rY (w',w'o)= 'U (w',w'o)+Ui+Us ,                   0≤w'≤w'o≤w′h ,                                      (69) 
 
W (w',w'o)=w′+ ω (w',w'o) ,                           0≤w'≤w'o≤w′h .                                     (70) 
 
Here the "o" subscript marks the starting point of the rY (W , oW ) shrinkage curve 
(Fig.10, curve 3) in terms of w'o, wo, or oW ; Ui and Us were indicated above [24]. The 
'U (w',w'o) contribution in Eq.(69) is expressed through the corresponding specific 
volume, U (w,wo) of the intra-aggregate matrix (Section 3.1.2) as (cf. Eq.(60a)) 
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'U (w',w'o)=U (w,wo)/K ,          0≤w'≤w'o≤w′h           (w=w'K, wo=w'oK) .                 (71) 
By analogy to the expression for ω(w') [24] in Eq.(65a) the ω (w',w'o) contribution to 
the water content in Eq.(70) can be written as (for Fi(η,Πh) see Eqs.(65d) and (65e)) 
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(for Io(η) see Eq.(63d)). Here the η parameter is determined as 
 
η( R (w′,w'o))=( R -Rmin)/(Rm-Rmin) ,       Rmin<R (w′,w'o)< R (w′o,w'o)= Rˆ (w'o)          (73) 
where R (w′,w'o) (see below) is the maximum internal size of water-filled clay pores 
of the intra-aggregate matrix along the reference scanning shrinkage curve (Fig.10, 
curve 3). The )'(' os ww  point (Eq.(72)) is determined from condition, 
R ( s'w ,w'o)=Rmin (cf. w's in [24] and Eq.(65i)). The starting point of the scanning 
shrinkage curve in terms of w'o in Eqs.(69) and (70) is naturally connected with oW  
in rY (W , oW ) (Fig.10, curve 3). Indeed, excluding w' from Eqs.(69) and (70) we 
obtain rY (W ,w'o). According to Fig.10 at W = oW  one has the condition 
rY ( oW ,w'o)= r
ˆˆY ( oW )                                                                                                (74) 
 
where r
ˆˆY (Wˆ ) is calculated as rYˆ (Wˆ ) (Eqs.(59b), (60b), and (61b)) at iUˆ =Ui and 
Kˆ =K. Substituting for w'o in rY (W ,w'o) the solution, w'o=w'o( oW ) of Eq.(74) we 
obtain the rY (W , oW ) presentation (Fig.10). A similar consideration of the reference 
scanning swelling curve, rYˆ (Wˆ , oWˆ ) (Fig.11, curve 3) leads to the following 
presentation (at iUˆ =Ui, Kˆ =K, and w′ˆ =w′; cf. Eqs.(69) and (70)) 
 
rYˆ (w',w'o)= 'Uˆ (w',w'o)+Ui+Us ,                   0≤w'o≤w'≤w′h ,                                     (75a) 
Wˆ (w',w'o)=w′+ ωˆ (w',w'o) ,                           0≤w'o≤w'≤w′h ,                                    (75b) 
where w'o, or wo, or oWˆ  is the starting point of the reference scanning swelling curve 
(Fig.11, curve 3); Ui and Us were indicated above [24]; and 
'Uˆ (w',w'o)=Uˆ (w,wo)/K ,          0≤w'o≤w'≤w′h           (w=w'K, wo=w'oK)                   (76) 
(cf. Eqs.(60b) and (71); for Uˆ (w,wo) see Section 3.1.2). By analogy to the expression 
for )ˆ(ωˆ w′  [24] in Eq.(65b) the ωˆ (w',w'o) contribution to the water content in Eq.(75b) 
can be written as (cf. Eq.(72)) 
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where (for Fi(η,Πh) see Eqs.(65d) and (65e)) 
η( Rˆ (w′,w'o))=( Rˆ -Rmin)/(Rm-Rmin) ,                    Rmin< Rˆ (w′,w'o)<Rm .                     (78) 
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Rˆ (w′,w'o) (see below) is the maximum internal size of water-filled clay pores of the 
intra-aggregate matrix along the reference scanning swelling curve (Fig.11, curve 3). 
The )'(' ob ww  point (Eq.(77)) is determined from the condition, Rˆ ( b'w ,w'o)=Rmin (cf. 
w'b in [24] and Eq.(65i)). 
The starting point of the scanning swelling curve in terms of w'o in Eqs.(75a) and 
(75b) is connected with oWˆ  in rYˆ (Wˆ , oWˆ ) (Fig.11, curve 3). Excluding w' from 
Eqs.(75a) and (75b) we obtain rYˆ (Wˆ ,w'o). According to Fig.11 at Wˆ = oWˆ  one has 
 
rYˆ ( oWˆ ,w'o)=Yr( oWˆ ) .                                                                                               (79) 
 
Substituting for w'o in rYˆ (Wˆ ,w'o) the solution, w'o=w'o( oWˆ ) of Eq.(79) we obtain the 
rYˆ (Wˆ , oWˆ ) presentation (Fig.11, curve 3). 
Now we should consider the maximum internal size, R (ζ,ζo) of water-filled clay 
pores along the scanning shrinkage curve, v (ζ,ζo) and the maximum internal size, 
Rˆ (ζ,ζo) of water-filled clay pores along the scanning swelling curve, vˆ (ζ,ζo). 
R (ζ,ζo) and Rˆ (ζ,ζo) determine ω (w',w'o) (Eq.(72)) and ωˆ (w',w'o) (Eq.(77); for 
interconnections ζ↔w', ζo↔w'o see Eq.(48) and last paragraph of Section 3.1.2). 
Similar to Eqs.(67), (68a), and (68b) for )ζ(Rˆ  (see also [24]), in case of R (ζ,ζo) one 
can write the following equation 
 
f(η( R (ζ,ζo)),P (ζ,ζo))=(1-vs)ζ/( v (ζ,ζo)-vs)+( v (ζ,ζo)-v(ζ))/(v (ζ,ζo)-vs) ,   
   0≤ζ<ζo≤ζh  .                                                                                                            (80) 
 
The physical meaning of the terms of this equation is similar to that in Eq.(68a), but 
as applied to the scanning shrinkage curve, v (ζ,ζo) (instead of the primary swelling 
curve, vˆ (ζ) in Eq.(68a)). The clay porosity along the scanning shrinkage curve is 
 
P (ζ,ζo)=1-vs/ v (ζ,ζo) ,                0≤ζ<ζo≤ζh .                                                            (81) 
 
f(η,P )=(1-(1- P )Io(η)/8.4)/P  ;                0≤η≤1 ,                                                        (82) 
 
is the distribution function [42] with Io(η) from Eq.(63d). Finally, 
 
η( R (ζ,ζo))=(R (ζ,ζo)-ro(ζ,ζo))/(rm(ζ,ζo)-ro(ζ,ζo)) ,             0≤ζ<ζo≤ζh                     (83) 
 
(for ro and rm see Eq.(27)). Analogously one can write the equation for Rˆ (ζ,ζo) as 
 
f(η( Rˆ (ζ,ζo)), Pˆ (ζ,ζo))=(1-vs)ζ/( vˆ (ζ,ζo)-vs)+( vˆ (ζ,ζo)-v(ζ))/( vˆ (ζ,ζo)-vs) ,   
   0≤ζo<ζ≤ζh .                                                                                                             (84) 
 
Pˆ (ζ,ζo)=1-vs/ vˆ (ζ,ζo) ,                0≤ζo<ζ≤ζh                                                              (85) 
 
is the clay porosity along the scanning swelling curve, vˆ (ζ,ζo). 
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f(η, Pˆ )=(1-(1- Pˆ )Io(η)/8.4)/ Pˆ  ;                0≤η≤1 ,                                                        (86) 
 
with Io(η) from Eq.(63d). And (for oˆr  and mˆr  see Eq.(27)) 
 
η( Rˆ (ζ,ζo))=( Rˆ (ζ,ζo)- oˆr (ζ,ζo))/( mˆr (ζ,ζo)- oˆr (ζ,ζo)) ,              0≤ζo<ζ≤ζh                 (87) 
 
One can see that the R (ζ,ζo) and Rˆ (ζ,ζo) as functions of ζ should be arranged in 
Fig.4 of [24] between the R(ζ) and Rˆ (ζ) curves as R(ζ)<R (ζ,ζo)< Rˆ (ζ) at 0≤ζ<ζo≤ζh 
and R(ζ)< Rˆ (ζ,ζo)< Rˆ (ζ) at 0≤ζo<ζ≤ζh. With that R (ζ,ζo) and Rˆ (ζ,ζo) meet the 
intersection conditions with R(ζ) and Rˆ (ζ) at ζ=ζo as 
 
R (ζ,ζo)
oζζ=
= Rˆ (ζo)    and     Rˆ (ζ,ζo)
oζζ=
=R(ζo) .                                                    (88) 
Thus, the reference scanning shrinkage ( rY (W , oW )) and swelling ( rYˆ (Wˆ , oWˆ )) 
curves of a soil can be, in the single-valued manner, predicted through the reference 
primary shrinkage (Yr(W)) and quasi primary swelling ( r
ˆˆY (Wˆ )) curves of the soil 
(Section 4.1.1; the first paragraph of this section; Figs 10 and 11), scanning curves of 
the intra-aggregate matrix (U (w,wo) and Uˆ (w,wo) entering Eqs.(71) and (76); 
Section 3.1.2), and scanning curves of the contributive clay matrix ( v (ζ,ζo) and 
vˆ (ζ,ζo) entering Eqs.(80) and (84); Section 2.1.2). Note that, if necessary, the 
reference scanning curves of the soil can also be calculated for the second quasi 
primary shrink-swell cycle (Fig.9, curves 3 and 2) after the evident replacements, 
Yrh→ rhYˆ , Wh→ hWˆ , K→ Kˆ , and Ui→ iUˆ . 
4.1.3. The reference transitive and steady shrink-swell cycles of a soil 
The known reference scanning shrinkage ( rY (W , oW )) and swelling 
( rYˆ (Wˆ , oWˆ )) curves of a soil inside the quasi primary shrink-swell cycle (Figs.10 
and 11) enable one to construct, in a single-valued manner, the reference transitive 
and steady shrink-swell cycles of the soil in a given water content range, 
0<W1<W<W2<Wh (for the steady cycle see Fig.12) in the total analogy to the 
consideration for a clay paste in Section 2.1.3 (Figs.4 and 5).  
The qualitative picture of the reference transitive cycles of a soil is as in Fig.4 
after replacements: v(ζ)→Yr(W), vˆ (ζ)→ r
ˆˆY (Wˆ ), v (ζ,ζo)→ rY (W , oW ), 
vˆ (ζ,ζo)→ rYˆ (Wˆ , oWˆ ), ζ1=ζo1→W1, ζ2→W2, ζo2→Wo2, ζo3→Wo3, ζo4→Wo4. Then 
Eq.(28) (at W =W2, oW =Wo2, Wˆ =W2, and oWˆ =W1) turns into condition at 
W =Wˆ =W2 as 
 
r1Y (W2,Wo2)= r1Yˆ (W2,W1)                                                                                          (89) 
 
to determine the starting point, oW =Wo2 of the reference scanning shrinkage curve in 
the first transitive cycle (Fig.4 after the replacements). Eq.(29) (at Wˆ =W1, oWˆ =Wo3, 
W =W1, and oW =Wo2) turns into condition at Wˆ =W =W1 as 
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r2Yˆ (W1,Wo3)= r1Y (W1,Wo2)                                                                                        (90) 
 
to determine the starting point, oWˆ =Wo3 of the reference scanning swelling curve in 
the second transitive cycle (Fig.4 after the replacements). Eq.(30) (at W =W2, 
oW =Wo4, Wˆ =W2, and oWˆ =Wo3) turns into condition at W =Wˆ =W2 as 
 
r2Y (W2,Wo4)= r2Yˆ (W2,Wo3)                                                                                        (91) 
 
to determine the starting point, oW =Wo4 of the reference scanning shrinkage curve in 
the second transitive cycle (Fig.4 after the replacements). 
Fig.12 shows the qualitative view of the reference steady shrink-swell cycle of the 
soil. In this case Eqs.(31) and (32) turns into conditions as 
 
rY (W1,Wo1)= rYˆ (W1,Wo2)                                                                                          (92) 
 
(at W =Wˆ =W1, oW =Wo1, and oWˆ =Wo2) and 
 
rY (W2,Wo1)= rYˆ (W2,Wo2)                                                                                          (93) 
 
(at W =Wˆ =W2, oW =Wo1, and oWˆ =Wo2) to determine the starting points, oW =Wo1 of 
the reference scanning shrinkage branch (Fig.12, curve 3) and oWˆ =Wo2 of the 
reference scanning swelling branch (Fig.12, curve 4) of the steady cycle (Fig.12). 
4.2. Shrinkage-swelling and cracking of a soil layer with no loading 
In a soil layer of any thickness and sufficiently large sample the crack appearance 
and development at shrinkage-swelling is inevitable [24,28]. Below, since we are 
interested in shrinkage-swelling and cracking in a soil profile, only the case of a soil 
layer is considered. It is necessary to estimate the crack volume and cracked-soil 
volume along the different possible shrinkage and swelling curves of the soil layer. 
The different reference shrinkage and swelling curves (of a small sample with no 
cracking; Section 4.1) serve as an important starting point in such an estimation. 
First (Sections 4.2.1-4.2.3), the initial thickness, h of a layer (i.e., the thickness at 
the maximum soil swelling, W=Wh) is considered to be known. Then (Section 4.2.4) 
we show how it can be estimated in conditions of a soil profile (with no loading). 
4.2.1. Multifold primary shrinkage-swelling of a cracked soil layer with no loading 
Below we briefly give the major points of the transition from the reference 
primary shrink-swell curves (i.e., the curves in the maximum possible water content 
range and with no cracking and loading; Section 4.1) to the primary shrink-swell 
curves of a cracked soil layer [24,28]. The points are necessary in the following. 
(1) The primary shrinkage curve (of a soil layer) with crack contribution and no 
loading, Y(W) (Fig.13) is evidently connected with the corresponding reference 
primary shrinkage curve, Yr(W) (Section 4.1.1; Fig.13) as  
 
Y(W)=Yr(W)+Ucr(W)-Us ,              0<W<Wh                                                               (94) 
 
where Yr(W) is from Eq.(59a); the total water content, W at primary shrinkage is 
calculated as indicated for Yr(W) (Eq.(64a)) [24]; the Ucr(W)-Us difference gives the 
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additional specific volume of cracks, that develop of the structural pores at shrinkage, 
compared to the initial volume, Us of the pores. The specific crack volume at primary 
shrinkage, Ucr(W) meets at the start of the first shrinkage the evident condition, as (see 
Fig.9, the start of curve 1 of the first reference primary shrinkage) 
 
Ucr(Wh)=Us .                                                                                                               (95) 
 
To estimate Y(W) from (Eq.(94)), first we should find Ucr(W). According to its 
definition the crack factor, q [28,24] connects the increments of the specific crack 
volume, Ucr(W) of a soil layer and specific soil volume at reference shrinkage, Yr(W) 
(or the intra-aggregate matrix contribution, U' to Yr since dYr=dU' from Eq.(59a)) as 
 
dUcr(W)=-qdYr(W) ,                0<W<Wh                                                                     (96) 
 
The crack factor in the layer case depends on the initial layer thickness, h (i.e., at 
W=Wh) and characteristics of the aggregate size distribution at W=Wh (the maximum 
and minimum aggregate sizes and inter-aggregate porosity) as [28] 
 
q(h/h*)=b1(h/h*)
2
 ,            0≤h/h*≤δ                                                                        (97a) 
 
q(h/h*)=1-b2/(h/h*) ,         h/h*≥δ                                                                            (97b) 
 
where the universal constants are b1≅0.15, b2≅1, and δ≅1.5. The critical layer 
thickness, h*≅2-5cm is determined as [28] 
 
h*=103(Xm/h*o)
3h*o ,                  h*o=(lminlm)
1/2
                                                         (98) 
 
where lmin and lm are the mean distances between the aggregates of the minimum, Xmin 
and maximum, Xm size, respectively, at W=Wh. lmin and lm are calculated as 
 
lmin=(1-Ph)
-1/3
(Xmin+∆X/2)/[(dF/dX) 2/min XXX ∆+= ∆X]
1/3
  ,                                           (99a) 
 
lm=(1-Ph)
-1/3
(Xm-∆X/2)/[(dF/dX) 2/m XXX ∆−= ∆X]
1/3
                                                    (99b) 
where 
∆X=max(0.05mm, Xmin)<<Xm                                                                                  (99c) 
 
and the aggregate-size distribution, F(X, Xmin, Xm, Ph) is from [42] according to 
Eq.(63d) at β=Ph and 
 
η=(X-Xmin)/(Xm-Xmin) ,             Xmin<X<Xm .                                                            (99d) 
 
Eqs.(99a)-(99d)) are used in Section 4.3.5 when considering the effects of loading. 
Eq.(96), after integrating with the condition from Eq.(95), gives the crack volume 
at the first primary shrinkage, Ucr(W) through the specific volume, Yr(W) at reference 
primary shrinkage (Section 4.1.1) to be 
 
Ucr(W,h/h*)=q(h/h*)(Yrh-Yr(W))+Us ,                 0<W<Wh .                                     (100) 
 
The substitution for Ucr(W) in Eq.(94) from Eq.(100) gives the link, Y(W)↔Yr(W) as 
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Y(W,h/h*)=(1-q(h/h*))Yr(W)+q(h/h*)Yrh ,              0<W<Wh .                                 (101) 
 
Note that using Eq.(59a) one can express Ucr(W,h/h*) (Eq.(100)) and Y(W,h/h*) 
(Eq.(101)) through U(W) (Section 3.1.1) instead of Yr(W) [24]. Fig.13 illustrates the 
primary shrinkage curves with crack contribution, Y(W) (≡Y(W,h/h*)) and with no 
cracks, Yr(W). The Y(W)-Yr(W) difference gives the crack volume variation with water 
content at the first primary shrinkage (see Eq.(94)). 
(2) The primary swelling curve (of the soil layer) with crack contribution and no 
loading, Yˆ (Wˆ ) (Fig.13) is connected with the corresponding reference primary 
swelling curve, rYˆ (Wˆ ) (Section 4.1.1; Fig.13) as (cf. Eq.(94)) 
 
Yˆ (Wˆ )= rYˆ (Wˆ )+ crUˆ (Wˆ )-Us ,              0<Wˆ < hWˆ                                                   (102) 
 
where rYˆ (Wˆ ) is from Eq.(59b); the total water content at primary swelling, Wˆ  is 
calculated as indicated for rYˆ (Wˆ ) (Eq.(64b)) [24]; the crUˆ (Wˆ )-Us difference gives 
the resulting specific volume of cracks that develop of structural pores at shrinkage in 
the 0<W<Wh range and following swelling up to the water content Wˆ >0 (Fig.13), 
compared to the initial volume, Us. The condition for crUˆ (Wˆ ) at Wˆ =W=0 (Fig.13) 
follows from Eq.(100) accounting for Eqs.(59a) and (60a) as 
 
crUˆ (0)=Ucr(0)=q(h/h*)(Uh-Uz)/K+Us .                                                                    (103) 
 
To estimate Yˆ (Wˆ ) from Eq.(102), we should find crUˆ (Wˆ ). To this end we introduce 
the concept of the crack factor, qˆ  at swelling using the relations for q (Eqs.(97a), 
(97b), (98), (99a)-(99d)), but after the replacements: Xm→ mXˆ , lm→ mlˆ , lmin→ minlˆ , 
h*o→ o*hˆ , h*→ *hˆ . These replacements reflect the aggregate destruction when 
transiting from shrinkage to swelling at W≅0 (in [24] the differences between q and qˆ  
were not taken into account for simplicity). The indicated expression for qˆ (h/ *hˆ ) 
will be needed in Section 4.3.5 when considering the qˆ  variation under loading. 
Relying on the definition of the crack factor, qˆ (h/ *hˆ ) (of the layer of initial thickness 
h) we can link the increments of the specific crack volume, crUˆ (Wˆ ) (of the soil layer) 
and the specific soil volume at reference swelling rYˆ (Wˆ ) (or the intra-aggregate 
matrix contribution, 'Uˆ  to rYˆ  since d rYˆ =d 'Uˆ  from Eq.(59b)) as 
 
d crUˆ (Wˆ )=- qˆ (h/ *hˆ )d rYˆ (Wˆ ) ,                0<Wˆ < hWˆ  .                                             (104) 
 
Eq.(104) after integrating with condition from Eq.(103) gives the crack volume, 
crUˆ (Wˆ ) at the first primary swelling following primary shrinkage (Fig.13) through 
the specific volume, rYˆ (Wˆ ) at reference primary swelling (Section 4.1.1) as 
 
crUˆ (Wˆ ,h/h*,h/ *hˆ )=q(h/h*)(Uh-Uz)/K+Us- qˆ (h/ *hˆ )( rYˆ (Wˆ )-Yrz) ,   0<Wˆ < hWˆ  .  (105) 
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The replacement of crUˆ (Wˆ ) in Eq.(102) with its expression from Eq.(105) gives the 
link, Yˆ (Wˆ )↔ rYˆ (Wˆ ) as 
 
Yˆ (Wˆ ,h/h*,h/ *hˆ )=(1- qˆ (h/ *hˆ )) rYˆ (Wˆ )+q(h/h*)(Uh-Uz)/K+ qˆ (h/ *hˆ )Yrz , 
                        0<Wˆ < hWˆ  .                                                                                       (106) 
Note that using Eq.(59b) we can express crUˆ (Wˆ ,h/h*,h/ *hˆ ) (Eq.(105)) and 
Yˆ (Wˆ ,h/h*,h/ *hˆ ) (Eq.(106)) through Uˆ (Wˆ ) (Section 3.1.1) instead of rYˆ (Wˆ ) [24]. 
The Yˆ (Wˆ )- rYˆ (Wˆ ) difference in Fig.13 ( Yˆ (Wˆ )≡ Yˆ (Wˆ ,h/h*,h/ *hˆ )) gives the crack 
volume variation with water content at the first primary swelling (see Eq.(102)). 
Thus, knowing the reference primary shrinkage and swelling curves of a soil, 
Yr(W) and rYˆ (Wˆ ) (Section 4.1.1), we can, in a single-valued manner, find the primary 
shrinkage and swelling curves of a cracked soil layer, Y(W,h/h*) and 
Yˆ (Wˆ ,h/h*,h/ *hˆ ) as well as the crack volume, Ucr(W,h/h*) and crUˆ (Wˆ ,h/h*,h/ *hˆ ) 
along the curves. Note that omission of the subscript "r" and word "reference" in Fig.9 
and its caption, throughout, enables the use of Fig.9 to also illustrate the multiple 
primary cycles for curves, Y(W,h/h*) and Yˆ (Wˆ ,h/h*,h/ *hˆ ) with crack contribution. 
4.2.2. Scanning shrinkage-swelling of a cracked soil layer with no loading 
By definition, any scanning shrinkage and swelling curves vary in a range, 
∆W<Wh and ∆Wˆ < hWˆ . For this reason, similar to the case of the reference scanning 
shrinkage and swelling curves (see the first paragraph of Section 4.1.2), in 
consideration of the scanning shrinkage and swelling curves with crack contribution, 
we use the quasi primary shrink-swell cycle of a cracked soil layer (instead of the 
primary cycle from Section 4.2.1). That includes the quasi primary swelling curve, 
Yˆˆ (Wˆ ) (Fig.13) corresponding to the absence of the aggregate destruction when 
iUˆ =Ui, Kˆ =K, mXˆ =Xm, *hˆ =h*, and qˆ =q (see also Figs.9-11 after the mental 
transformation that was indicated at the end of Section 4.2.1 as applied to Fig.9). The 
Yˆˆ (Wˆ ) curve (curve 2' in Figs.9-11 after the above indicated mental transformation) 
can be written as (Yˆˆ (Wˆ )≡Yˆˆ (Wˆ ,h/h*)) 
 
Yˆˆ (Wˆ )= r
ˆˆY (Wˆ )+ cr
ˆˆ
U (Wˆ )-Us ,              0<Wˆ < hWˆ                                                   (107) 
 
( r
ˆˆY  is calculated as rYˆ  at iUˆ =Ui and Kˆ =K in Section 4.1.1). The crack volume, 
cr
ˆˆ
U (Wˆ ,h/h*) (of the soil layer) along the quasi primary swelling curve, Yˆˆ (Wˆ ,h/h*) 
and this curve itself are obtained from Eqs.(105) and (106) at crUˆ → cr
ˆˆ
U , Yˆ →Yˆˆ , 
rYˆ → r
ˆˆY , and qˆ→q as 
 
cr
ˆˆU (Wˆ ,h/h*)=q(h/h*)(Uh-Uz)/K+Us-q(h/h*)( r
ˆˆY (Wˆ )-Yrz) ,         0<Wˆ < hWˆ  ,        (108) 
 
Yˆˆ (Wˆ ,h/h*)=(1-q(h/h*)) r
ˆˆY (Wˆ )+q(h/h*)(Uh-Uz)/K+q(h/h*)Yrz ,    0<Wˆ < hWˆ  .     (109) 
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The scanning shrinkage curves of the quasi primary shrink-swell cycle with crack 
contribution, Y (W , oW ) (see curve 3 in Fig.10 after the above indicated mental 
transformation) and with no cracking, rY (W , oW ) (Section 4.1.2; curve 3 in Fig.10) 
evidently differ by the crack contribution as (cf. Eqs.(94) and (102)) 
 
Y (W , oW )= rY (W , oW )+ crU (W , oW )-Us ,             0<W < oW <Wh                     (110) 
 
where rY (W , oW ) is from Eq.(69); W  and oW  are again calculated from Eqs.(70), 
(72)-(73), (80)-(83) as in the case of the reference scanning shrinkage curve (Section 
4.1.2); crU (W , oW )-Us gives the crack volume (minus its initial value, the structural 
pore volume, Us) along the scanning shrinkage curve, Y (W , oW ) (curve 3 in Fig.10 
with rY →Y , Yr→Y, and r
ˆˆY →Yˆˆ ) that starts at W = oW . To estimate Y (W , oW ) 
(Eq.(110)) for a soil layer we should first find crU (W , oW ). Again, using the 
definition of the crack factor, q(h/h*) (of the soil layer of the initial thickness, h) we 
have the differential relation for crU  as 
 
d crU (W , oW )=-q(h/h*)d rY (W , oW ) ,                0<W < oW <Wh .                         (111) 
 
The crack volume, crU (W , oW ,h/h*) along the scanning shrinkage curve, 
Y (W , oW ,h/h*) (curve 3 in Fig.10 with replacements: rY →Y , Yr→Y, and r
ˆˆY →Yˆˆ ) 
and crack volume, cr
ˆˆU (Wˆ ,h/h*) (Eq.(108)) along the quasi primary swelling curve, 
Yˆˆ (Wˆ ,h/h*) (Eq.(109); curve 2' in Fig.10 with the replacements) should evidently 
coincide at W =Wˆ = oW  as 
 
crU (W , oW ,h/h*)
oWW =
= cr
ˆˆU (Wˆ ,h/h*)
o
ˆ WW =
 ,                 0< oW <Wh .                     (112) 
 
Here cr
ˆˆU (Wˆ ,h/h*) is given by Eq.(108) with r
ˆˆY (Wˆ ) from Eqs.(59b), (60b), and (61b) 
at iUˆ =Ui and Kˆ =K. Integrating Eq.(111) and accounting for the condition given by 
Eq.(112) as well as the similar condition, rY ( oW , oW )= r
ˆˆY ( oW ) for the specific soil 
volumes with no cracks at W =Wˆ = oW , we obtain the crack volume, 
crU (W , oW ,h/h*) to be 
 
crU (W , oW ,h/h*)=q(h/h*)( r
ˆˆY ( oW )- rY (W , oW ))+ cr
ˆˆU ( oW ,h/h*) ,     
                                    0<W < oW <Wh .                                                                   (113) 
 
Here cr
ˆˆU ( oW ,h/h*) in the right part is the crack volume that has already existed in 
the starting point, W = oW  of the scanning shrinkage curve, Y (W , oW ,h/h*) (curve 3 
in Fig.10 with the replacements). The term with q in the right part of Eq.(113) gives 
the positive additional contribution to the crack volume, crU (W , oW ,h/h*) (at a 
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given W < oW ) in the process of scanning shrinkage. Substitution for 
crU (W , oW ,h/h*) in Eq.(110) from Eq.(113) leads to Y (W , oW ,h/h*) as 
 
Y (W , oW ,h/h*)=(1-q(h/h*)) rY (W , oW )+q(h/h*) r
ˆˆY ( oW )+ cr
ˆˆU ( oW ,h/h*)-Us , 
                                                                         0<W < oW <Wh .                              (114) 
 
Using Eq.(69) one can express crU (W , oW ,h/h*) and Y (W , oW ,h/h*) through 
U (W , oW ) instead of rY (W , oW ). According to Eqs.(113), (114), and (108) at q→0 
(when there are no cracks) cr
ˆˆU →Us, crU →Us, and Y → rY  as it should be. 
The scanning swelling curves of the quasi primary shrink-swell cycle with crack 
contribution, Yˆ (Wˆ , oWˆ ) (see curve 3 in Fig.11 with rYˆ → Yˆ , Yr→Y, and r
ˆˆY →Yˆˆ ) and 
with no cracking, rYˆ (Wˆ , oWˆ ) (Section 4.1.2; curve 3 in Fig.11) differ by the crack 
contribution as (cf. Eqs.(94), (102), (107), and (110)) 
 
Yˆ (Wˆ , oWˆ )= rYˆ (Wˆ , oWˆ )+ crUˆ (Wˆ , oWˆ )-Us ,            0< oWˆ <Wˆ <Wh                      (115) 
 
where rYˆ (Wˆ , oWˆ ) is from Eq.(75a); Wˆ  and oWˆ  are again found from Eqs.(75b), 
(77), (78), (84)-(87) as in the case of the reference scanning swelling curve (Section 
4.1.2); crUˆ (Wˆ , oWˆ )-Us is the crack volume (minus its initial value, Us) along the 
scanning swelling curve, Yˆ (Wˆ , oWˆ ) (curve 3 in Fig.11 with replacements: rYˆ → Yˆ , 
Yr→Y, and r
ˆˆY →Yˆˆ ) that starts at Wˆ = oWˆ . To find Yˆ (Wˆ , oWˆ ) (Eq.(115)) for a soil 
layer one should first estimate crUˆ (Wˆ , oWˆ ). Using the definition of the crack factor, 
q(h/h*) (of the soil layer of the initial thickness, h) we have for crUˆ  (cf. Eq.(111)) 
 
d crUˆ (Wˆ , oWˆ )=-q(h/h*)d rYˆ (Wˆ , oWˆ ) ,              0< oWˆ <Wˆ <Wh                             (116) 
 
One can also use 'Uˆ  instead of rYˆ  since d rYˆ =d 'Uˆ  from Eq.(75a). The crack volume, 
crUˆ (Wˆ , oWˆ ,h/h*) along the scanning swelling curve, Yˆ (Wˆ , oWˆ ,h/h*) (curve 3 in 
Fig.11 with the above indicated replacements) should evidently coincide with the 
crack volume, Ucr(W,h/h*) from Eq.(100) along the primary shrinkage curve, 
Y(W,h/h*) (Eq.(101); curve 1 in Fig.11 with the above indicated replacements) at 
Wˆ =W= oWˆ  as 
 
crUˆ (Wˆ , oWˆ ,h/h*)
o
ˆˆ WW =
=Ucr(W,h/h*)
oWˆW =
 ,                 0< oWˆ <Wh .                       (117) 
 
Integrating Eq.(116) and accounting for the condition from Eq.(117) as well as the 
similar condition, rYˆ ( oWˆ , oWˆ )=Yr( oWˆ ) for the specific soil volumes with no cracks 
at Wˆ =W= oWˆ , we obtain the crack volume, crUˆ (Wˆ , oWˆ ,h/h*) as 
 
crUˆ (Wˆ , oWˆ ,h/h*)=-q(h/h*)( rYˆ (Wˆ , oWˆ )-Yr( oWˆ ))+Ucr( oWˆ ,h/h*) ,     
 34
                                                   0< oWˆ <Wˆ <Wh  .                                                   (118) 
Ucr( oWˆ ,h/h*) in the right part of Eq.(118) is the crack volume that already existed in 
the starting point, Wˆ = oWˆ  of the scanning swelling curve, Yˆ (Wˆ , oWˆ ,h/h*) (curve 3 
in Fig.11 with the above indicated replacements). The term with q(h/h*) in the right 
part gives the negative addition to the crack volume, crUˆ (Wˆ , oWˆ ,h/h*) (at a given 
Wˆ > oWˆ ) in the process of scanning swelling. Substitution for crUˆ (Wˆ , oWˆ ,h/h*) in 
Eq.(115) from Eq.(118) gives Yˆ (Wˆ , oWˆ ,h/h*) as 
 
Yˆ (Wˆ , oWˆ ,h/h*)=(1-q(h/h*) rYˆ (Wˆ , oWˆ )+q(h/h*)Yr( oWˆ )+Ucr( oWˆ ,h/h*)-Us , 
                                                                           0< oWˆ <Wˆ <Wh                              (119) 
 
where rYˆ (Wˆ , oWˆ ,h/h*) is from Eq.(75a), Yr( oWˆ ) is from Eq.(59a), and Ucr( oWˆ ,h/h*) 
is from Eq.(100). Using Eq.(75a) we can express crUˆ (Wˆ , oWˆ ,h/h*) (Eq.(118)) and 
Yˆ (Wˆ , oWˆ ,h/h*) (Eq.(119)) through Uˆ (Wˆ , oWˆ ) instead of rYˆ (Wˆ , oWˆ ). According to 
Eqs.(118), (119), and (100) at q→0 (when there are no cracks) Ucr→Us, crUˆ →Us, and 
Yˆ → rYˆ  as it should be. Thus, knowing the reference scanning shrinkage and swelling 
curves, rY (W , oW ) (curve 3 in Fig.10) and rYˆ (Wˆ , oWˆ ) (curve 3 in Fig.11) we can, 
in the single-valued manner, find the scanning shrinkage and swelling curves of a 
cracked layer, Y (W , oW ,h/h*) and Yˆ (Wˆ , oWˆ ,h/h*) and the crack volume 
crU (W , oW ,h/h* and crUˆ (Wˆ , oWˆ ,h/h*) along the curves. 
4.2.3. Shrink-swell cycles and crack volume hysteresis in a soil layer with no loading 
Passing from the scanning curves with crack contribution, Y (W , oW ,h/h*) 
(Eq.(114)) and Yˆ (Wˆ , oWˆ ,h/h*) (Eq.(119) to the corresponding transitive and steady 
shrink-swell cycles of the cracked soil layer, one should note that in this case (of a 
cracked layer) both Eqs.(89)-(91) which determine the characteristics of the 
successive reference transitive shrink-swell cycles (cf. Fig.4) and Eqs.(92) and (93) 
which determine the characteristics of the reference steady cycle (Fig.12) are totally 
kept, obviously omitting the "r" subscript. 
Let us consider in more detail the steady shrink-swell cycle of the cracked layer 
and the volume variation of accompanying cracks. Accepting in Eq.(113) W ≡W and 
oW ≡Wo1, we can write the specific crack volume, crU (W,Wo1,h/h*) along the 
shrinkage stage of the steady shrink-swell cycle (curve 3 in Fig.12) as 
 
crU (W,Wo1,h/h*)=Yo(Wo1,h/h*)-q(h/h*) rY (W,Wo1) ,    0<W1<W<W2<Wo1<Wh     (120) 
where 
Yo(Wo1,h/h*)≡q(h/h*) r
ˆˆY (Wo1)+ cr
ˆˆU (Wo1,h/h*) .                                                       (121) 
 
Similarly, accepting in Eq.(118) Wˆ ≡W and oWˆ ≡Wo2, we can write the specific crack 
volume, crUˆ (W,Wo2,h/h*) along the swelling stage of the steady shrink-swell cycle 
(curve 4 in Fig.12) as 
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crUˆ (W,Wo2,h/h*)= oYˆ (Wo2,h/h*)-q(h/h*) rYˆ (W,Wo2) ,   0<Wo2<W1<W<W2<Wh    (122) 
where 
oYˆ (Wo2,h/h*)≡q(h/h*)Yr(Wo2)+Ucr(Wo2,h/h*) .                                                        (123) 
 
Since, by definition and physical meaning of the steady cycle (Fig.12), 
crU (W,Wo1,h/h*) and rY (W,Wo1) entering Eq.(120) coincide with crUˆ (W,Wo2,h/h*) 
and rYˆ (W,Wo2,h/h*) entering Eq.(122), respectively, at W=W1 (as well as at W=W2) 
(see Fig.12), the Yo term (Eqs.(120) and (121)) and oYˆ  term (Eqs.(122) and (123)) 
should also coincide as 
 
Yo(Wo1,h/h*)= oYˆ (Wo2,h/h*) .                                                                                   (124) 
The expressions for crU (W,Wo1,h/h*) (Eq.(120)) and crUˆ (W,Wo2,h/h*) (Eq.(122)) 
(accounting for Eqs.(119), (123), and (124)) through rY (W,Wo1) and rYˆ (W,Wo2), 
respectively, enable us to present in Fig.14 the qualitative view of the crack volume 
evolution during the steady shrink-swell cycle in the cracked soil layer, using the 
reference steady shrink-swell cycle in Fig.12. The crack volume at the shrinkage 
stage, crU (W,Wo1,h/h*) (curve 3 in Fig.14) corresponds to the reference scanning 
shrinkage curve, rY (W,Wo1) (curve 3 in Fig.12; Eq.(120)) and to the scanning 
shrinkage curve of cracked soil, Y (W,Wo1,h/h*) (see below and curve 3 in Fig.12 
with mental omission of the "r" subscript throughout). Similarly, the crack volume at 
the swelling stage, crUˆ (W,Wo2,h/h*) (curve 4 in Fig.14) corresponds to the reference 
scanning swelling curve, rYˆ (W,Wo2) (curve 4 in Fig.12; Eq.(122)) and to the scanning 
swelling curve of cracked soil, Yˆ (W,Wo2,h/h*) (see below and curve 4 in Fig.12 with 
mental omission of the "r" subscript throughout). 
Thus, the hysteretic steady shrink-swell cycle of the specific crack volume 
(Fig.14) in the single-valued manner flows out of the reference (i.e., with no cracks) 
steady shrink-swell cycle of soil volume (Fig.12; Eqs.(120)-(124)) accounting for the 
q factor value. The minimum crack volume is obtained from Eqs.(120) or (122) at 
W=W2 (Fig.14) as 
 
mincr U = crU (W2,Wo1,h/h*)= crUˆ (W2,Wo2,h/h*) 
 
=Yo(Wo1,h/h*)-q(h/h*) rY (W2,Wo1)=Yo(Wo1,h/h*)-q(h/h*) rYˆ (W2,Wo2) .                (125) 
 
The maximum crack volume is obtained from the same equations at W=W1 (Fig.14) as 
 
maxcr U = crU (W1,Wo1,h/h*)= crUˆ (W1,Wo2,h/h*) 
 
=Yo(Wo1,h/h*)-q(h/h*) rY (W1,Wo1)=Yo(Wo1,h/h*)-q(h/h*) rYˆ (W1,Wo2) .                (126) 
 
The hysteretic variation of the crack volume, ∆ crU (W) at W1<W<W2 (Fig.14) (and 
at given Wo1 and Wo2 in Fig.12) is found from Eqs.(120), (122), and (124) as 
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∆ crU (W)= crU (W,Wo1,h/h*)- crUˆ (W,Wo2,h/h*) 
 
=q(h/h*)( rYˆ (W,Wo2)- rY (W,Wo1)) ,                W1<W<W2 .                                     (127) 
 
Besides mincr U  (Eq.(125); Fig.14) and maxcr U  (Eq.(126); Fig.14), the maximum 
hysteretic variation of the crack volume, ∆ crU (Wm) (Eq.(127); Fig.14) that can be 
found at each depth of the soil profile can essentially influence the soil hydraulic 
conductivity of the depth. The above stated allows one to estimate the crack volume in 
the soil profile based on the physical parameters of the soil (for the parameters see 
[24,28] and the end of Section 6). 
The scanning shrinkage and swelling curves of a cracked soil layer, 
Y (W,Wo1,h/h*) and Yˆ (W,Wo2,h/h*) from Eqs.(114) and (119) in the case of a steady 
shrink-swell cycle can be written accounting for Eqs.(121), (123), and (124) as 
 
Y (W,Wo1,h/h*)=Yo(Wo1,h/h*)-Us+(1-q(h/h*)) rY (W,Wo1) ,     0<W<Wo1<Wh ,       (128) 
 
Yˆ (W,Wo2,h/h*)=Yo(Wo1,h/h*)-Us+(1-q(h/h*)) rYˆ (W,Wo2) ,     0<Wo2<W<Wh .       (129) 
 
These relations show that (as noted above) the steady shrink-swell cycle of a cracked 
soil layer (Y (W,Wo1,h/h*),Yˆ (W,Wo2,h/h*)) in the W1<W<W2 range qualitatively 
repeats the reference steady shrink-swell cycle ( rY (W,Wo1), rYˆ (W,Wo2)) in Fig.12. 
Thus, above mentioned shows that in the course of the steady shrink-swell cycle 
of a cracked soil layer in the water content range, 0<W1<W<W2<Wh (Fig.12 with 
omission of the "r" subscript): (i) the crack volume is always more than zero (Fig.14); 
(ii) the crack volume varies between the minimum at W=W2 and maximum at W=W1 
(Fig.14); and (iii) inside the water content range, W1<W<W2 the crack volume at 
drying (see Fig.12, curve 3 and Fig.14, curve 3) is always higher than at wetting (see 
Fig.12, curve 4 and Fig.14, curve 4), that is the crack volume hysteresis exists. 
Note that in connection with the possible water content variations in different 
ranges, ∆W<Wh at different depths, the "non-natural" situations are possible when the 
crack volume grows with the depth increase in some range. It is also noteworthy that 
possible erratic variations of the water content boundaries, W1 and W2 (see also the 
note after Eq.(32)) can complicate the hysteretic behavior of the crack volume 
(beyond the scope of this work). 
If some previous soil drainage leads to W=0, and the aggregate destruction occurs 
at following wetting (the possible situation at a depth of soil profile), one should 
consider the second quasi primary shrink-swell cycle (Fig.9, curves 3 and 2) instead 
of the first one (Fig.9, curves 1 and 2'; see the last sentence of Section 4.1.2) with 
corresponding replacements of the reference and scanning shrinkage and swelling 
curves in Sections 4.2.2 and 4.2.3 as well as h*→ *hˆ  and q→ qˆ . All the above results, 
(i)-(iii) relative to crack volume hysteresis are retained. It is essential that in the case 
of the second quasi primary shrink-swell cycle the residual cracks exist even at 
W= hWˆ  (Fig.9) [24]. For this reason, in the course of a steady scanning shrink-swell 
cycle (inside the second quasi primary shrink-swell cycle), the residual crack volume 
should keep even at W2 close to hWˆ . This result is in agreement with observations [6]. 
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Finally, it should be emphasized that the origin of the above considered shrink-
swell cracks at any depth is connected with the seasonal and other variations of water 
content at a given depth in the W1<W<W2 range inside the maximum possible range, 
0<W<Wh, unlike the shrink-swell cracks at the soil surface (that can, nevertheless, 
extend to several meters keeping a micro width [4,22,43]). The origin of the latter 
shrink-swell cracks is connected with the vertical gradient of the mean (at a given 
depth) water content [4,22,43] close to the soil surface. 
4.2.4. Estimating the initial thickness (h) of a cracked layer with no loading 
In Sections 4.2.1-4.2.3, regarding the different shrinkage and swelling curves of a 
horizontal soil layer, we considered that the initial thickness, h of the layer at W=Wh is 
known. However, in fact, each layer under consideration should be separated from the 
soil profile based on the criterion of water content homogeneity within the limits of 
the layer. With that the water content, W of the layer can be less than Wh, and its 
thickness, z at this water content is less than h. Thus, after dividing the soil profile into 
the set of horizontal layers with water content being (approximately) homogeneous 
within each layer, one only knows the current layer thickness, z<h at W<Wh, but not 
the initial thickness, h at W=Wh. Therefore before using the results of Sections 4.2.1-
4.2.3 for a layer one should estimate the h value of the layer from its known thickness, 
z at the known water content, W and corresponding specific volume, Y with cracks. 
Let Y symbolizes the current specific volume of a cracked soil layer along any 
primary/scanning shrinkage/swelling curve that is possible for the soil, and z 
symbolizes the corresponding current thickness of the cracked soil layer. Then, Y and 
z are simply connected with the initial (maximum) thickness, h of the soil layer and 
the maximum specific volume, Yh of the soil at W=Wh (for Wh and Yh see Fig.13) as 
 
z/h=Y/Yh ,                                                                                                                  (130) 
 
even though the curve under consideration is a scanning one and does not include the 
point W=Wh. Eq.(130) is immediately evident from the definition of the values 
entering it. One can also derive this relation from the equality between the two 
different presentations of the current layer volume (per h×h surface area of the layer), 
h2z=Yh3/Yh (note that h
3
/Yh is the solid mass of the layer per h×h surface area). As 
noted we can substitute for Y in Eq.(130) the primary shrinkage curve, Y(W, h/h*) 
(Eq.(101)), or the primary swelling curve, Yˆ (Wˆ ,h/h*,h/ *hˆ ) (Eq.(106)), or the quasi 
primary swelling curve Yˆˆ (Wˆ ,h/h*) (Eq.(109)), or any scanning shrinkage curve, 
Y (W , oW ,h/h*) (Eq.(114) at any possible oW ), or any scanning swelling curve, 
Yˆ (Wˆ , oWˆ ,h/h*) (Eq.(119) at any possible oWˆ ). In each case z gives the 
corresponding layer thickness as a function of all the indicated physical parameters. 
We are especially interested in the substitution for Y in Eq.(130) the two scanning 
curves that correspond to the shrinkage and swelling stages of the steady shrink-swell 
cycle in the cracked soil layer (Fig.12, curves 3 and 4; Eqs.(128) and (129)). Indeed, 
we believe that the layer parameters (z and W) in the natural conditions vary along 
either the shrinkage or swelling branch of the steady shrink-swell cycle. Thus, to 
estimate the initial layer thickness, h we can use one of the following two equations 
 
z/h=Y (W,Wo1,h/h*)/Yh ,              0<W<Wo1<Wh ,                                                    (131) 
z/h=Yˆ (W,Wo2,h/h*)/Yh ,              0<Wo2<W<Wh                                                      (132) 
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where Y (W,Wo1,h/h*) and Yˆ (W,Wo2,h/h*) are from Eqs.(128) and (129) accounting 
for all the previous derivations. Wo1 and Wo2 are the functions of W1 and W2 (Fig.12; 
see Eqs.(92) and (93)) that are determined by the particular site conditions. Knowing z 
at a given W1<W<W2 (Fig.12) for shrinkage (or swelling) stage we can solve Eq.(131) 
(or (132)) to find h as some function of z/h* and W 
 
h/h*=f(z/h*,W,W1,W2,Yh) .                                                                                       (133) 
 
Then this h can be used as stated in Sections 4.2.1-4.2.3. As a result of variations in 
the water content profile a layer with initially homogeneous water content should be 
divided after some time into two thinner layers or, on the contrary, this layer can enter 
a thicker layer. In such cases the recalculation of h is needed at another z thickness of 
a new layer with new homogeneous water content, W. 
4.3. Shrinkage-swelling and cracking of a soil under loading 
The objective of this Section is to extend the results of Sections 4.1 and 4.2 to the 
case of soil layer loading, L. In general, as shown in Section 2, the variation of the 
clay shrinkage and swelling behavior with increase in L is determined by dependences 
on L of two clay characteristics, vz(L) (Eq.(36)) and vh(L) (Eq.(40)) (or ζh(L), 
Eq.(39)). In other words all other clay paste characteristics change with L as a result 
of their links with vz and vh (or ζh). As shown in Section 3 the variation of shrinkage-
swelling behavior of the intra-aggregate matrix (of a soil) with increase in L is also 
determined by the, vz(L) and vh(L) (or ζh(L)) dependences of the contributive clay. 
That is, all relevant characteristics of the intra-aggregate matrix can only change with 
L as functions of two basic values, vz and vh (or ζh) of the contributive clay. In this 
section we intend to show that the third basic value (besides vz and vh) that determines 
soil shrinkage and swelling behavior with loading increase (including crack volume 
behavior with the L variation) is the maximum aggregate size (at the shrinkage limit), 
Xmz or (at maximum swelling) Xm. This means that all other relevant soil 
characteristics only change with L through the dependences, vz(L) and vh(L) (or ζh(L)) 
of the contributive clay, and possible dependence, Xmz(L) (or Xm(L)). Based on the 
results of Sections 4.1 and 4.2 we first indicate the relevant soil characteristics that are 
added, compared to the case of the intra-aggregate matrix, and can change with L 
(Section 4.3.1). Then we look after their links with vz, vh (or ζh), and Xmz (or Xm) 
(Sections 4.3.2-4.3.5). The possible dependence of Xmz on L is discussed in Section 
4.3.6. Section 4.3.7 contains some final remarks relative to the loading case. Below 
we also mention the maximum aggregate size, mzXˆ  after aggregate destruction at 
swelling at W≅0. It should be taken into account, however, that in the conditions of 
the water content variation when Wmin>0 such destruction is lacking, and mzXˆ =Xmz 
(cf. the first paragraphs of Sections 4.1.2 and 4.2.2). 
4.3.1. Soil characteristics that can change with loading increase 
The scanning shrinkage-swelling curves, both in the case of reference shrinkage-
swelling (Section 4.1) and in the case of shrinkage-swelling with cracks (Section 4.2), 
are in the single-valued manner connected with the primary ones. For this reason, 
below we only turn to the latter (as in Sections 4.1.1 and 4.2.1 in no loading case). 
According to Eqs.(59a), (59b), (60a), (60b), (64a), and (64b), the reference primary 
shrinkage and swelling curves of a soil are determined (besides the volume of the 
intra-aggregate matrix, U and Uˆ ; see Section 3) by the following values: the specific 
initial volume of structural (inter-aggregate) pores, Us (Fig.1); the interface layer 
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contribution (Fig.1) to the specific soil volume at shrinkage and swelling, Ui and iUˆ ; 
aggregate/intra-aggregate mass ratio at shrinkage and swelling, K and Kˆ; and the 
interface layer contribution (Fig.1) to the total water content at shrinkage and 
swelling, ω and ωˆ . According to Eqs.(94) and (102) the transition from reference 
primary shrinkage-swelling to primary shrinkage-swelling with cracks is accompanied 
with the addition of the specific crack volume at shrinkage, Ucr and swelling, crUˆ . 
From Eqs.(100) and (105), besides the values that are connected with reference 
shrinkage and swelling, the volumes Ucr and crUˆ  are only determined by the crack 
factor at shrinkage, q and swelling, qˆ . The links between the Us, Ui, iUˆ , K, Kˆ, ω, ωˆ , 
q and qˆ  values and the three above basic dependences, vz(L), vh(L), and Xmz(L) are 
considered below. 
4.3.2. Variation of the structural pore volume (Us) with loading increase 
One can consider that at the maximum swelling point, W=Wh the aggregated soil 
is in the visco-plastic state or close to that. In such a state the pore volumes of 
different types change with L proportionally to each other. In other words, it is natural 
to consider that the inter-aggregate (structural) pore volume at maximum swelling, 
Us(L) (Fig.1) varies with loading, L proportionally to the volume, Uh(L)-1/ρs of the 
intra-aggregate pores (lacunar and clay matrix pores; Fig.1) at W=Wh. Then, 
accounting for Us(L=0)≡Us and Uh(L=0)≡Uh (uh(L=0)≡uh), as well as Eq.(48), we 
estimate the sought Us(L) dependence to be (cf. the paragraph after Eq.(55c)) 
 
Us(L)=Us(Uh(L)-1/ρs)/(Uh-1/ρs)=Us(uh(L)-us)/(uh-us) ,            L>0                          (134) 
 
where us=vs[c+vs(1-c)]
-1
 [26]. According to Eq.(134) Us(L)=0 follows Us=0, and at 
Us>0 Us(L)<Us as it should be from physical considerations. uh(L) is estimated from 
Eq.(57a) at ζ=ζh(L) and, as with all characteristics of the intra-aggregate matrix, 
depends on L through vz(L) and vh(L) (or ζh(L)) (Section 3.2.2). Thus Us(L) is also 
expressed through the same functions of L. 
4.3.3. Variation of the interface layer volume (Ui and iUˆ ) and aggregate/intra-
aggregate mass ratio (K and Kˆ) with loading increase 
The above considered Us(L) (Section 4.3.2) and Uh(L) (Section 3.2.2) show that 
Ph(L) (Eq.(63b)) is expressed through vz(L) and vh(L). Hence, Ui (Eqs.(63a)-(63e)) is 
expressed through vz(L), vh(L), and Xm(L) (the mean size of soil solids, xn≡Xmin does 
not depend on L). Then Uz(L) (Section 3.2.2) and Ui(L) show that Pz(L) (Eq.(63b)) 
and iUˆ (L) (Eqs.(63a)-(63e)) are also expressed through vz(L), vh(L), and mzXˆ (L) 
( mzXˆ (L)=Xmz(L) at Wmin>0). After that Eqs.(61a) and (61b) show that K(L) and Kˆ(L) 
are also expressed through the same three functions of L. 
4.3.4. Variation of the interface layer water content (ω, ωˆ ) with loading increase 
Eqs.(65a)-(65i), (66), (67), (68a)-(68c) show that all values determining ω and ωˆ  
(Eqs.(65a)-(65c)), except for K, Kˆ, Ui and ∆ iUˆ  in Eq.(66), relate to either the 
contributive clay or the intra-aggregate matrix. Therefore, all these values with the 
loading increase are expressed through vz(L) and vh(L). In addition, according to 
Section 4.3.3 K, Kˆ, Ui and ∆ iUˆ = iUˆ -Ui entering Eq.(66) also lead to the dependence 
of ω(L) and ωˆ (L) through Xm(L). 
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4.3.5. Variation of the crack factor (q and qˆ ) with loading increase 
Eqs.(97a)-(97b), (98), (99a)-(99d) and the same equations after replacements, 
Xm→ mXˆ , lm→ mlˆ , lmin→ minlˆ , h*o→ o*hˆ  , h*→ *hˆ  show that the dependences of q 
and qˆ  on L are expressed through vz(L) and vh(L) (at the expense of the structural 
porosity, Ph, see section 4.3.3) as well as Xm(L) and mXˆ (L). Note that Xm=xn+(Xmz-
xn)(uh/uz)
1/3
 [39] and mXˆ =xn+( mzXˆ -xn)(uh/uz)
1/3
 [24]. 
4.3.6. Possible dependence of the maximum aggregate size on loading 
Shrinkage with no loading does not change the maximum aggregate size, both Xmz 
and Xm. In the beginning of swelling with no loading (at W≅0) the maximum 
aggregate size decreases to mzXˆ <Xmz since aggregates are destructed under the action 
of increasing pore pressure inside them at the expense of air entrapped and 
compressed in the pores of the contributive clay at soil wetting [40,41,21,24]. The 
maximum aggregate sizes at shrinkage, Xmz and following swelling, mzXˆ  with no 
loading can be considered as independently measured characteristics. However, 
loading during swelling should, in part or totally, offset the internal pressure in 
aggregates and prevent their destruction. This will be checked in Section 7.3 (point 3). 
In general, sufficiently high loading at shrinkage can lead to the aggregates sticking 
together and increasing Xmz. However, because Xmz relates to the dry state with 
Young's modulus ∼102-103MPa (see Section 2.2.2), such sufficiently high loading at 
shrinkage should be no less than 0.1-1MPa. Thus, at least at L<0.1-1MPa the 
maximum aggregate size, Xmz should not change under loading, and one can usually 
accept Xmz(L)=const. This will be checked in Section 7.3 (point 3). 
4.3.7. Shrinkage-swelling, cycling, and crack volume hysteresis of a loaded layer  
Thus, knowing vz(L), vh(L) (or ζh(L)), Xmz(L), and mzXˆ (L) and using them 
successively throughout Sections 2, 3, 4.1, and 4.2 instead of vz, vh (or ζh), Xmz, and 
mzXˆ , one can find any shrinkage and swelling curve, steady cycling, and crack 
volume hysteresis of a soil layer at a given loading, L. In particular, it is clear that all 
the equations of Section 4.2.3 (Eqs.(120)-(129)) are also retained in the case of 
loading. All the results of Section 4.2.3, relative to the shrink-swell cycles and crack 
volume hysteresis of a cracked soil layer, are also qualitatively kept in case of loading 
(see Figs.12 and 14) with a natural quantitative correction at the expense of vz→vz(L), 
vh→vh(L), Xmz→Xmz(L), mzXˆ → mzXˆ (L). Finally, in the above consideration of the 
loading case aspects, the initial thickness, h(L) of a layer (i.e., the thickness at 
maximum soil swelling, W=Wh(L)) was suggested to be known at a given loading, L. 
At the same time, similar to what is stated in Section 4.2.4 (for a no loading case), in 
real conditions we can only know the thickness, z of the layer in the soil profile at 
water content, W<Wh(L) and loading, L. However, we can find the initial thickness, 
h(L) that corresponds to these z, W, and L in the total analogy to Section 4.2.4 after the 
following replacements in Eqs.(130)-(133): Y→Y(L), Yh→Yh(L), Wh→Wh(L), 
Y (W,Wo1,h/h*)→Y (W,Wo1,h/h*(L),L), Yˆ (W,Wo2,h/h*)→ Yˆ (W,Wo2,h/h*(L),L), 
h*→h*(L), and f(z/h*,W,W1,W2,Yh)→f(z/h*(L),W,W1,W2,Yh(L),L). All the necessary 
functions of L are calculated as considered above, but with vz(L), vh(L) (or ζh(L)), 
Xmz(L), and mzXˆ (L). 
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5. Analysis of available data to check the basic model relations 
Experimental checking of the shrinkage curves of the contributive clay, intra-
aggregate matrix, soil without and with cracks in the maximum possible water content 
range (the primary shrinkage curves) with no loading have been conducted based on 
the available data [30-32,25-28]. The same relates, to some extent, to the primary 
swelling curves of the soil media [24]. In addition, according to the above theory, the 
scanning shrinkage and swelling curves of these media with no loading, as well as the 
transitive and steady shrink-swell cycles and crack volume hysteresis in a soil, flow 
out of the primary shrinkage and swelling curves in the single-valued manner. It 
follows the importance of checking the relations for the primary and scanning 
shrinkage and swelling curves, shrink-swell cycles, and crack volume hysteresis 
under loading, in other words, the checking of the transition from the relations with 
no loading to those under loading. Among all the relations of interest in the loading 
case the functional dependences of the primary shrinkage curves of the above soil 
media on loading, L are the most important because the primary swelling curves, 
scanning shrinkage and swelling curves, shrink-swell cycles, and crack volume 
variation under loading are then constructed in the single-valued manner. The major 
functions of L to be checked are vz(L) (Eq.(36)), vh(L) (Eq.(40)), ζh(L) (Eq.(39)), and 
Xm(L)≅const (see Section 4.3). 
The available data for soil layers in field conditions (large depths) have a 
qualitative character, i.e., they indicate the fact itself of the crack volume occurrence 
and variation with a water content profile [6]. The necessary quantitative data are only 
available as applied to the soil sample case (see Section 5.1). The above theory, as a 
whole, is also applicable in this case with the expression for the crack factor, q(h/h*) 
that is modified compared to Eqs.(97a) and (97b) as [28] (h is the sample height that 
should be of the same order of magnitude as the sample diameter) 
 
qs(h/h*)=0,                         0<h/h*≤1                                                                     (135a) 
 
qs(h/h*)=b1(h/h*-1)
2
,          1≤h/h*≤1+δ                                                                (135b) 
 
qs(h/h*)=1-b2/(h/h*-1),       h/h*≥1+δ                                                                    (135c) 
 
with the same b1≅0.15, b2≅1, and δ≅1.5. The data for the samples under loading that 
are obtained in an oedometer and a triaxial test apparatus (see [44-46], among others) 
do not take cracking into account. In addition, such data are oriented to estimating the 
swelling pressure, widely use fitting procedures, and for this reason do not usually 
contain the physical soil characteristics that are necessary for checking the model. 
5.1. Data used 
The only data on the primary shrinkage curves of soil samples under loading that 
we could use were obtained in works [20,47] (note that other data from [20] on the 
shrinkage of soils that were compacted using different loads before shrinkage are not 
of interest in this work). These data were presented in the form of e(θ) (void ratio vs. 
moisture ratio). For this reason, predicting the shrinkage curves at different L, we first 
transform the (θ,e) variables to (W,Y) ones and then, after predictions, return to (θ,e) 
presentation of the predicted shrinkage curves (W=(ρw/ρs)θ, Y=(e+1)/ρs). In particular, 
the moisture ratio, θh at a given L (Figs.15 and 16) is replaced with the corresponding 
Wh (Fig.13) and the void ratio, ez at a given L (Figs.15 and 16) with the corresponding 
Yz (Fig.13) as input values (see below). 
 42
5.1.1. Peng et al.'s [20] data 
Peng et al. [20] experimentally observed shrinkage of the soil samples with a 
small content of organic matter under five loads including L=0 (Table 1; Fig.15). The 
samples 4.1 cm in height and 5.6 cm in diameter were prepared from a Dystric 
Gleysol from glacial sediment by sieving (a 2 mm mesh), wetting, and repacking with 
compaction (the stress reached 150 kPa and was released immediately after 
compacting). Each constant load was imposed at the beginning of the previous 
swelling and acted up to the maximum swelling and then up to the end of shrinkage. 
Table 1 shows the primary data (θh and ez) and input parameters from [20] (including 
Wh and Yz corresponding to θh and ez) that were used in the model prediction, as well 
as in estimating the maximum sizes of sand grains, xm and aggregates, Xm that are also 
needed as input in the prediction (see Sections 5.2 and 7.3). The lacunar pore volume 
at maximum swelling, Ulph was accepted as Ulph=0 for different L (Table 1) since the 
experimental shrinkage curve points at θ=θh (Fig.15) are on the saturated line. We 
accepted the initial structural pore volume for different L to be Us=0 (Table 1) since 
the experimental shrinkage curves (Fig.15) do not have the horizontal part at the 
intersection with the saturation line (cf. [28]). In addition, we used the experimental 
points of the five loadings from [20] (see Fig.15) in the data analysis or in the 
comparison with the model prediction (Section 5.2). 
5.1.2. Talsma's [47] data 
Talsma [47] observed the shrinkage behavior of clay paste samples under four 
loads (Table 1; Fig.16). The samples 2 cm in height and 7 cm in diameter were 
prepared from Black Earth (NSW, Australia). Unlike Peng et al.'s [20] experiments, 
each constant load was imposed at the beginning of shrinkage (as soon as the sample 
became detached from the containing ring) and worked up to the end of shrinkage. 
Table 1 also shows the data from [47]. Two remarks are necessary in connection with 
the data of Black Earth texture (c, s; Table 1) and structure (xm, Xm; Table 2). As for 
the texture, Talsma [47] only indicates the clay content c=0.6. However, the available 
data on Black Earth (NSW, Australia) (see [48,49], among others) give c+s=0.7-0.73 
and s=0.14-0.17. For the model predictions we took the c and s values indicated in 
Table 1. As for the structure, Talsma [47] speaks about the samples of clay soil paste, 
i.e., the soil with such large aggregates that the latter do not lead to structural 
shrinkage. However, his data on shrinkage curves (Fig.16) show behavior that is 
similar to that of aggregated soils with the structural shrinkage range and the slope in 
the basic shrinkage range that is essentially less than unity. For this reason we tried to 
estimate the xm and Xm values for Talsma's [47] samples, suggesting that the Xm 
values are sufficiently large (see Section 7.3, point 3). The initial lacunar pore 
volume, Ulph=0 and initial structural pore volume, Us=0 were taken for Talsma's [47] 
data (Table 1) from the same considerations as for Peng et al.'s [20] data. Finally, the 
experimental points of the four loadings from [47] (Fig.16) were also used in the data 
analysis or in the comparison with the model prediction (Sections 5.2 and 7.3). 
5.2. Data analysis 
5.2.1. Estimating the maximum sand grain and aggregate sizes 
The data [20,47] do not include the maximum sand grain size, xm and maximum 
aggregate size, Xmz that are needed for the prediction of a shrinkage curve [24,28]. By 
its physical meaning xm is constant when L increases. We assume that at shrinkage at 
the L values from Table 1, Xmz also does not change with L (see Section 4.3.6). For 
this reason we find xm and Xmz below only using data from [20] at L=0 and 1.8kPa 
(the use here of two L values is explained in Section 7.3) and from [47] at L=0. Then, 
the resulting xm and Xmz participate together with data from Table 1 in the model 
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prediction of the shrinkage curves for data [20,47] at other L values. xm and Xmz are 
estimated using the approach that was recently regarded in detail [24,28]. At a given 
L, and with input data from Table 1, xm and Xmz are practically independent from each 
other and change in small ranges with ∆xm/xm≅0.05, ∆Xmz/Xmz≅0.01-0.02. Xmz is 
considered to be the only fitting parameter in the calculation of the shrinkage curves 
using the algorithm from [28,24] and experimental points for L=0 and 1.8kPa in 
Fig.15 and L=0 in Fig.16. The only modification of the algorithm is the following 
replacement at any L (note that ζh(L=0)≅0.5; see Section 2.2.3) 
 
us=1/(1+2ρsWh) → us=1/(1+ρsWh(L)/ζh(L)) .                                                           (136) 
 
Since us in Eq.(136), by physical meaning, does not change with L, after finding us for 
case L=0 we can find ζh(L) at L>0 knowing Wh(L) for L>0 (Table 1) as 
 
ζh(L)=ρsWh(L)/(1/us-1) .                                                                                           (137) 
 
The estimates of xm, Xmz, and other major physical characteristics of the soil as a 
whole, intra-aggregate matrix, and contributive clay are presented in Tables 2-4 at 
L=0 and 1.8kPa for Peng et al.'s [20] soil and at L=0 for Talsma's [47] soil. These 
estimates are used in Section 5.2.2 as well as 7.1-7.3. 
5.2.2. Model prediction of shrinkage curves at different loadings 
Assuming Xmz(L)=const (see Section 4.3.6) and using xm and Xmz (Table 2) that 
were found above for Peng et al.'s [20] soil (Table 1) at L=1.8kPa, we predict the 
three shrinkage curves for the soil at L>1.8kPa based on the algorithm [28,24] with 
Eq.(137) and input data from Table 1. Fig.15 shows the predicted curves at L>1.8kPa. 
Tables 2-4 show the predicted characteristics (as well as xm and Xmz that were used in 
the prediction) of the soil, intra-aggregate matrix, and contributive clay at L>1.8kPa. 
Similar predictions for Talsma's [47] soil at L>0 obtained using Xmz found at L=0 and 
xm from Table 2 as well as input data (Table 1, L>0), are shown in Fig.16 (curves) and 
Tables 2-4 (characteristics). In addition, for the control, we estimated the xm and Xmz 
values for Peng et al.'s [20] soil at L>1.8kPa and Talsma's [47] soil at L>0 (Table 1) 
using the fitting approach as in Section 5.2.1 (Xmz is the only fitting parameter). All 
the characteristics in Tables 2-4 (including xm and Xmz) at the indicated L values were 
found to remain the same. Table 2 also shows the corresponding goodness of fit, re
2
 
and estimated standard errors σe of the shrinkage curve data [20,47] in Figs.15 and 16. 
The fitted curves in Figs.15 and 16 and those predicted also coincide. The predicted 
characteristics (Tables 2-4) are used in Sections 7.1-7.3. 
5.2.3. Presentation of the estimated values of the relative maximum water content of 
clay (ζh) at different loading values (L) using the theoretical curve 
We fitted the theoretical curve, ζh(L/L*) (Eq.39) to the five points, ζh(Li) 
(i=1,…,5) of Peng et al.'s [20] soil (Table 4) using L* as the only fitting parameter. 
The five points, fitted curve, L* value, goodness of fit, rζ
2
, and estimated standard 
error, σζ of the ζh(Li) points are shown in Fig.17 and in the caption to it. Using vs and 
the mean vz value by the five loading values for the soil (Table 4), we also estimated 
the characteristic universal loading, Lu (Eq.(41); Fig.17) (the mean vz value was used 
because, in the agreement with Eq.(36) and the statement about vz≅const at 
L</≅100kPa at the end of Section 2.2.2, vz(L), at different L in Table 4, does not show 
any trend to decreasing with L increase, and the differences between vz at different L 
in Table 4 are only stipulated by the experimental spread of the input Yz values in 
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Table 1). The similar procedure and presentations of results were then utilized to the 
four points, ζh(Li) (i=1,…,4) of Talsma's [47] soil (Table 4; Fig.17). These estimates 
are discussed in Section 7.1. 
6. Theoretical results and discussion 
(1) The classification of the volumetric and water content values that characterize the 
layer of a clayey vadose zone was suggested (Table 5) based on the considerations of 
this work and previous results [24-28]. The classification is conducted according to a 
number of transitions (Table 5). The latter reflect the soil structure features (Fig.1) 
and conditions within the limits of the layer of the clayey vadose zone during the 
cycles of drainage-wetting. The classification essentially facilitates the presentation of 
the different relevant volumetric and water content values and finding the 
interconnections between them. 
(2) The primary shrinkage and swelling curves with no loading determine the 
corresponding scanning curves in a single-valued manner (V→V , Vˆ →Vˆ , U→U , 
Uˆ →Uˆ , Yr→ rY , rYˆ → rYˆ , Y→Y , Yˆ → Yˆ ). 
(3) The single-valued links between the primary curves of clay, intra-aggregate 
matrix, aggregated soil with no cracks, and the soil with cracks [24,28] (for shrinkage: 
V→U→Yr→Y,Ucr; and for swelling: Vˆ →Uˆ → rYˆ → Yˆ , crUˆ ) are transformed under 
loading to similar links (V(L)→U(L)→Yr(L)→Y(L),Ucr(L) and 
Vˆ (L)→Uˆ (L)→ rYˆ (L)→ Yˆ (L), crUˆ (L)). 
(4) The combination of results (2) and (3) shows the possibility of the single-valued 
prediction of the different scanning curves under loading, based on the primary 
curves and loading conditions (V→V(L)→V (L), Vˆ →Vˆ (L)→Vˆ (L), 
U→U(L)→U (L), Uˆ →Uˆ (L)→Uˆ (L), Yr→Yr(L)→ rY (L), rYˆ → rYˆ (L)→ rYˆ (L), 
Y→Y(L)→Y (L), Yˆ → Yˆ (L)→ Yˆ (L)). 
(5) Result (4) means the possibility of the single-valued quantitative prediction of the 
transitive and steady shrink-swell cycles in a given layer of a clayey vadose zone at a 
given range, W1<W<W2 of the water content variation. 
(6) Finally, the model explains the origin of the crack volume and quantitatively 
predicts the crack volume hysteresis in a given layer of a clayey vadose zone, at a 
given range, W1<W<W2 of the water content variation. It should be noted especially, 
in connection with result (6), that the observations themselves of the cracks and crack 
volume variation in the layers of a clayey vadose zone [6] gives strong qualitative 
experimental evidence in favor of the model feasibility. 
Results (2)-(6) show that the derivations in this work with respect to the scanning 
shrinkage and swelling curves and cycles as well as the crack volume hysteresis under 
loading in the layer of a clayey vadose zone, essentially are the extraction of the 
single-valued consequences from the primary shrinkage and swelling curves, i.e., the 
curves in the maximum possible water content range. In turn, the physical modeling, 
quantitative prediction, and its validation as applied to the primary curves, were 
considered in detail in recent works [24-28] based on the physical properties of the 
soil layer. The input data for the prediction include those on [24,28]: (i) initial soil 
layer thickness, h before shrinkage; (ii) soil solid density, ρs; texture: c being clay 
content, s being silt content (sand content being 1-c-s), and xm being the maximum 
sand grain size; and initial structure: Xmz being the maximum aggregate size at the 
shrinkage limit and Pz being the structural porosity at the shrinkage limit; and (iii) soil 
shrinkage: Yz being the specific volume at the shrinkage limit, in general, with cracks 
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(Fig.13); Wh being the water content at maximum swelling before shrinkage (Fig.13); 
and Ulph being the specific volume of lacunar pores at maximum swelling before 
shrinkage (or Yh in Fig.13 instead of Ulph). 
7. Data analysis results and discussion 
7.1. Dependences of the contributive-clay characteristics on loading 
1. The joint analysis (Section 5.2.3) of Eq.(39) and ζh values for different L in 
Table 4 for both soils (see Fig.17) shows that the theoretical curve ζh(L/L*) (Eq.(39)) 
is in agreement with the ζh values (Table 4) from the viewpoint of both the fitting 
criterion (high rζ
2
 in Fig.17) and the standard physical criterion (the difference 
between the ζh(L/L*) curve at each L and corresponding ζh in Table 4 does not exceed 
the two standard errors, 2σζ in Fig.17). According to Section 2.2.3 this result is also 
evidence in favor of the feasibility of Eq.(40) for vh(L/L*). 
2. The values found for L* (Fig.17) together with the vs value and mean vz value 
(for the mean value see Section 5.2.3) for each soil in Table 4, lead to the choice of 
L*=Lu/[(vz-vs)/(1-vs)]
2
 from two the possible variants in Eq.(41) because only in this 
case does Lu coincide (within the limits of obvious errors) for both soils (see Fig.17) 
and can be considered as the universal characteristic loading. In view of the 
importance of such a characteristic, additional data are desirable to estimate Lu. 
3. The constancy of vs (Table 4) for each soil at different L just follows from its 
physical meaning. The constancy of the vz and ζz estimates (Table 4) for each soil 
(within the limits of the spread connected with that of Yz in Table 1), confirms Eq.(36) 
at indicated sufficiently small L values (see the end of Section 2.2.2). Finally, the 
estimates of the saturated degree at the clay shrinkage limit, Fz (Eq.(4)) are likely to 
show the weak trend to increase with L growth for both soils. 
7.2. Dependences of the characteristics of the intra-aggregate matrix on loading 
1. The constancy of porosity p (Table 3) flows out of the constancy of xm (Table 
2), c, and s (Table 1) [28]. 
2. The constancy of the critical clay content, c* (Table 3; Eq.(55c)) flows out of 
the constancy of vs, vz (Table 4; Section 7.1), and p. The spread of the c* values 
(Table 3) is connected with the spread of vz (see Section 5.2.3). 
3. The k values (Table 3) flow out of Eqs.(55a) and (55b), the c (Table 1) and c* 
(Table 3) values. k>0 leads to the lacunar pore volume at W=Wz, Ulpz>0 (Table 3) 
albeit Ulph=0 for both soils (Table 1). 
4. By their physical meaning us and uS (Table 3) do not change with L. 
5. The appreciable decrease of the specific volume, Uh with L growth for both 
soils (Table 3) is only kept for the specific volumes, Uz and Un (Table 3) of Talsma's 
[47] soil when k>0 (Table 3). In this case the lacunar pore volumes, Ulpz>0 and Ulpn>0 
(Table 3) also show the obvious decrease with L growth. In the case of Peng et al.'s 
[20] soil when k=0, Ulpz=0, and Ulpn=0 (Table 3), the estimates of Uz and Un (Table 3) 
are constant (within the limits of the spread connected with that of Yz in Table 1). 
Note that in the case of Talsma's [47] soil the differences, Uz-Ulpz and Un-Ulpn are also 
constant within the limits of the spread. That is, in this case the dependences, Uz(L) 
and Un(L) are totally stipulated by the occurrence of the lacunar pore volume, 
Ulpz(L)>0 and Ulpn(L)>0 at W=Wz and W=Wn. 
7.3. Dependences of the soil characteristics and shrinkage curves on loading 
1. The re
2
 and σe values (Table 2) show that the predicted shrinkage curves, e(θ) 
(Figs.15 and 16) are in agreement with the data [20,47] (Figs.15 and 16) at all L 
values, from the viewpoint of both the fitting criterion (high re
2
) and physical criterion 
(discrepancies between each predicted curve and experimental points at a given L do 
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not exceed the two standard errors, 2σe in Figs.15 and 16). Thus, re
2
 and σe (Table 2) 
evidence in favor of the model feasibility. 
2. xm and xn (Table 2) have reasonable values for clay soils and do not depend on 
L in the accordance with their physical meaning. 
3. The difference between Xmz (Table 2) at L=0 and 1.8kPa for Peng et al.'s [20] 
soil (and the similar difference for Xm in Table 2) is connected with the features of the 
sample preparation before shrinkage under loading. Preliminary sample swelling at 
L=0 in [20] leads to some destruction of aggregates [24] (Section 4.3.6). Preliminary 
sample swelling at L>0 in [20] is not accompanied by aggregate destruction (Section 
4.3.6). The similar Xmz estimates at different L>0 (Table 2) evidence in favor of that. 
For this reason in Section 5.2.1 we estimated Xmz by fitting for Peng et al.'s [20] soil 
not only at L=0, but also at L=1.8kPa. In [47] the samples were loaded only at 
shrinkage. For this reason the estimates of Xmz for Talsma's [47] soil were similar at 
all L≥0 (Table 2). The peculiarity of Talsma's [47] soil is the relatively large Xmz 
values and, correspondingly, those Xm (Table 2). This feature is in the accordance 
with the fact that Talsma's [47] soil is close to the paste-like state. Note that the 
differences between the Xm and Xmz values in Table 2 at a given L illustrate the 
variation of the maximum aggregate size at shrinkage. Finally, note that the similar 
Xmz values at L>0 for Peng et al.'s [20] soil and at L≥0 for Talsma's [47] soil also 
confirm the statement about the constancy of Xmz at shrinkage under sufficiently small 
loading (Section 4.3.6). 
4. The jump-like change of K (Eq.(61a)), Ui (Eq.(63a)), and h* (Eqs.(98), (99a)-
(99d)) (Table 2) for Peng et al.'s [20] soil between L=0 and 1.8kPa is explained by the 
same reason (different Xmz values for these L). At L>0 for Peng et al.'s [20] soil and at 
L≥0 for Talsma's [47] soil K, Ui, and h* practically do not change with L. Note that in 
the case of Talsma's [47] soil the K values (Table 2) that are close to unity and the 
small Ui values (Table 2) correspond to the large Xmz size. Note also that the h* values 
(Table 2) are in the agreement with the estimates from [24,28] (several centimeters). 
5. The sufficiently small sample size, h (Table 1) for both soils leads to h/h*<1 
and q=0 at all L (Table 2) [28], i.e., to the specific volume practically without cracks. 
6. Data [20,47] and predicted curves in Figs.15 and 16 show two possible types of 
soil shrinkage curve behavior under loading. In the case of Peng et al.'s [20] soil 
(Fig.15) the appreciable distances between the shrinkage curves for different L at 
θ=θh(L) are reduced to very small (if any) at θ=0. In the case of Talsma's [47] soil 
(Fig.16) the curves for different L are approximately parallel in the total water content 
range, 0<θ<θh(L). The behavior type in Fig.15 is connected with the absence of 
cracks (q=0, Table 2) because of the small sample size, and lacunar pores (Ulph=0, 
Table 1; k=0, Table 3) because of c>c* (Tables 1 and 3) at all the L values and water 
contents, 0<θ<θh(L). The contributive-clay pores only exist in Peng et al.'s [20] soil 
samples. The volume of the contributive-clay pores at θ=θh(L) (Fig.15) is proportional 
to [vh(L/L*)-vs] and differs essentially with L increase (vh(L/L*) qualitatively follows 
ζh(L/L*) in Fig.17; see Eqs.(39) and (40)). At the same time, the volume of the 
contributive-clay pores at θ=0 is proportional to vz-vs and practically does not change 
with L growth (Table 4; Section 7.1, point 3). For this reason the curves of the 
different L in Fig.15 converge with dewatering. Note that q=0 and k=0 for Peng et al.'s 
[20] soil at all L values (Tables 2 and 3) means the unit slope, S of all the curves in 
Fig.15 in the basic shrinkage range (S=1-k-q [28]). By contrast, the behavior type in 
Fig.16 is connected with the development of cracks (which is not the case of Talsma's 
[47] soil because of the small sample size) and/or lacunar pores (k>0, Table 3). In the 
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case of Talsma's [47] soil the contributive-clay pore volume changes with L and θ as 
in the case of Peng et al.'s [20] soil. Lacunar pores in the case of Talsma's [47] soil do 
not exist at θ=θh(L) (Ulph=0, Table 1), but develop at θ=0 (Ulpz(L)>0, Table 3). 
Lacunar pore volume, Ulpz(L) essentially depends on L (Table 3; Section 7.2, point 5). 
Thus, the differences between the clay pore volume at different L decrease with 
drying, but those between the lacunar pore volume at different L increase with drying. 
The summary pore volume is approximately kept. As a result, the appreciable gaps 
between the curves for different L in Fig.16 are retained while dewatering. Note that 
q=0 and close values of k>0 for Talsma's [47] soil at all L values (Tables 2 and 3) 
mean the approximately similar slope, S<1 of all the curves in Fig.16 in the basic 
shrinkage range (S=1-k-q [28]). Finally, note that the use of the sufficiently large 
samples or consideration of a layer for Peng et al.'s [20] soil should lead to an 
appreciable crack development [28,24] and to the shrinkage curve behavior with 
loading increase as in Fig.16. 
8. Conclusion 
The observations [6] show the crack existence and variation in their volume at 
sufficiently large depths of a clayey vadose zone where the possible contribution of 
the customary shrinkage cracks that originate from the vertical gradient of the water 
content close to the soil surface, is negligible. The objective of this work is to 
physically explain the origin of the cracks that were observed in [6] and to suggest an 
approach to the physical quantitative prediction of the variation of the crack volume 
within the limits of a soil layer, accounting for the natural conditions in a clayey 
vadose zone: (i) overburden; (ii) multifold shrinkage-swelling; and (iii) relatively 
small water content range. The approach is based on: (1) the inter- and intra-
aggregate soil structure (Fig.1); (2) consecutive consideration of the four increasingly 
complex and entering each other soil media - contributive clay, intra-aggregate 
matrix, aggregated soil with no cracks, and soil with cracks [24] in conditions with no 
loading as well as under loading; (3) classification of the volumetric and water content 
values according to the soil structure features (Fig.1; Table 5) and the above 
conditions in the clayey vadose zone (Table 5); and (4) generalization of the results of 
recent works [24,28,39,42]. The major theoretical results present the single-valued 
links between the different volumetric and water content values of the four 
increasingly complex soil media, and predict these values from: (a) the primary 
shrinkage and swelling curves of a contributive clay; (b) effects of the soil inter- and 
intra-aggregate structure; and (c) effects of the soil water content profile. Eventually, 
this work, in combination with [24-28] enables the totally physical prediction (i.e., 
without fitting) of shrink-swell cycling and crack volume hysteresis in the layers of a 
clayey vadose zone from the above physical soil properties, overburden, range of the 
water content variation, and layer thickness with a homogeneous water content. The 
analysis results of available data evidence in favor of the basic model relations that 
reflect the variation of the contributive-clay characteristics and maximum aggregate 
size with loading increase, and substantiate the model prediction relative to the soil 
shrinkage curves at different loading values. The results can be used for a number of 
aims, in particular in the frame of an approach [50,51] to develop the totally physical 
prediction of the water retention of a clay soil (including the scanning water retention 
curves at drainage and wetting), as well as in the frame of an approach [43] to predict 
the crack width distribution of the crack volume that was considered in this work. 
This distribution is important for the physical consideration of the hydraulic 
conductivity of a crack network in a clayey vadose zone. 
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Notation 
a, d, e coefficients that determine v (ζ,ζo) (dimensionless) 
aˆ , bˆ  coefficients that determine vˆ u(ζ,ζo) (dimensionless) 
c, c* soil clay content and its critical value (dimensionless) 
E Young's modulus of dry clay matrix (MPa) 
F, Fˆ ,F , Fˆ  saturation degree of clay matrix along the curves of primary shrinkage, 
primary swelling, scanning shrinkage, and scanning swelling (dimensionless) 
F(η,β) aggregate-size distribution at structural porosity, β (dimensionless) 
Fi volume fraction of water-filled interface clay pores (dimensionless) 
Fz F value at ζ=ζz (dimensionless) 
f(η,ϕ) clay pore-size distribution at clay matrix porosity, ϕ (ϕ can symbolize P, Pˆ ,P , 
and Pˆ ) (dimensionless) 
h,h* initial and critical layer thickness at maximum swelling (cm) 
h*o rough approximation of h* (cm) 
*hˆ  h* value after aggregate destruction (cm) 
*hˆ o h*o value after aggregate destruction (cm) 
Io(η) function from Eq.(63d) (dimensionless) 
K, Kˆ  aggregate/intra-aggregate mass ratio at shrinkage and swelling (dimensionless) 
k lacunar factor (dimensionless) 
L loading (including overburden) (kPa) 
Lu universal characteristic loading of clays (kPa) 
L* characteristic loading of clay (kPa) 
lm, lmin mean distance between the aggregates of size Xm and Xmin (mm) 
mlˆ , minlˆ  lm and lmin values after aggregate destruction (mm) 
P, Pˆ ,P , Pˆ  clay matrix porosity along the curves of primary shrinkage, primary 
swelling, scanning shrinkage, and scanning swelling (dimensionless) 
Ph, Pz structural porosity at shrinkage close to W=Wh and W=0 (dimensionless) 
zPˆ  structural porosity at swelling close to Wˆ =0 (dimensionless) 
p silt and sand porosity in the state of imagined contact (dimensionless) 
q crack factor of soil layer before aggregate destruction (dimensionless) 
qˆ  crack factor of soil layer after aggregate destruction (dimensionless) 
R, Rˆ ,R , Rˆ  maximum internal size of water-filled clay pores along the curves of 
primary shrinkage, primary swelling, scanning shrinkage, and scanning 
swelling (µm) 
Rm maximum size of clay pores in interface layer part of the Ui volume (µm) 
Rmin minimum size of clay pores in interface layer part of the Ui volume (µm) 
mRˆ  maximum size of clay pores in interface layer part of the iUˆ∆  volume (µm) 
minRˆ  minimum size of clay pores in interface layer part of the iUˆ∆  volume (µm) 
rm,ro maximum and minimum internal size of clay pores at shrinkage (µm) 
rmM maximum external size of clay pores at ζ=1 (µm) 
rˆ m, rˆ o maximum and minimum internal size of clay pores at swelling (µm) 
U, Û,U ,Uˆ  specific volume of intra-aggregate matrix along the curves of primary 
shrinkage, primary swelling, scanning shrinkage, and scanning swelling 
(dm
3
kg
-1
) 
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Ucr, crUˆ , crU , crUˆ  specific crack volume along the curves of primary shrinkage, 
primary swelling, scanning shrinkage, and scanning swelling (dm
3
kg
-1
) 
cr
ˆˆ
U  specific crack volume along the curve of quasi primary swelling (dm3kg-1) 
Uz,Uh, U value at W=0 and W=Wh (dm
3
kg
-1
) 
Ui, Ûi interface layer contribution to the specific volume of aggregates at shrinkage 
and swelling (dm
3
kg
-1
) 
Us specific volume of structural pores (dm
3
kg
-1
) 
U', Û', 'U , 'Uˆ  intra-aggregate matrix contribution to the specific volume of 
aggregates along the curves of primary shrinkage-swelling (U'=U/K, Û'=Û/ Kˆ ) 
and scanning shrinkage-swelling ( 'U =U /K, 'Uˆ =Uˆ / Kˆ ) (dm3kg-1) 
u, uˆ ,u , uˆ  relative volume of soil intra-aggregate matrix along the curves of 
primary shrinkage-swelling and scanning shrinkage-swelling (dimensionless) 
uh, uˆ h u and uˆ  values at the maximum swelling point (uh= uˆ h) (dimensionless) 
uS, Suˆ  relative volume of non-clay solids of intra-aggregate matrix at shrinkage and 
swelling (uS= Suˆ ) (dimensionless) 
us, uˆ s relative volume of solid phase of intra-aggregate matrix at shrinkage and 
swelling (us= uˆ s) (dimensionless) 
uz, uˆ z u and uˆ  values at ζ=0 (uz= uˆ z) (dimensionless) 
ucp, cpuˆ , cpu , cpuˆ  relative volume of clay matrix pores in soil intra-aggregate 
matrix along the curves of primary shrinkage, primary swelling, scanning 
shrinkage, and scanning swelling (dimensionless) 
ulp, lpuˆ , lpu , lpuˆ  relative volume of lacunar pores in soil intra-aggregate matrix along 
the curves of primary shrinkage, primary swelling, scanning shrinkage, and 
scanning swelling (dimensionless) 
ulph,ulpz  ulp values at ζ=ζh and ζ=ζz, respectively (dimensionless) 
V, Vˆ ,V ,Vˆ  specific volume of clay matrix along the curves of primary shrinkage, 
primary swelling, scanning shrinkage, and scanning swelling (dm
3
kg
-1
) 
v, vˆ , v , vˆ  ratio of clay volume to its maximum in the solid state (the liquid limit) 
along the curves of primary shrinkage, primary swelling, scanning shrinkage, 
and scanning swelling (dimensionless) 
vh,vn,vz  v value at ζ=ζh, ζ=ζn, and ζ=ζz, respectively (dimensionless) 
vs, vˆ s relative clay solid volume at shrinkage and swelling (vs= vˆ s) (dimensionless) 
vˆ u relative clay volume along the vˆ (ζ,ζo) curve at 0<ζo<ζn (dimensionless) 
vˆ s relative clay volume along the vˆ (ζ,ζo) curve at ζn<ζo<ζh (dimensionless) 
W, Wˆ ,W ,Wˆ  total water content of soil along the curves of primary shrinkage, 
primary swelling, scanning shrinkage, and scanning swelling (kg kg
-1
) 
oW , oWˆ  W  and Wˆ values at the start of scanning shrinkage and swelling (kg kg
-1
) 
Wh W value at the start of primary shrinkage (kg kg
-1
) 
hWˆ  Wˆ  value at the end of primary swelling ( hWˆ <Wh) (kg kg
-1
) 
*ˆhW   water content (Fig.12) at which residual cracks after shrink-swell cycle would 
be water-filled (kg kg
-1
) 
W1,W2 range borders of the shrink-swell cycles in a soil layer (kg kg
-1
) 
w water content of intra-aggregate matrix at shrinkage-swelling ( wˆ=w) (kg kg-1) 
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wh, wn w value at ζ=ζh (wh= wˆ h) and ζ=ζn (wn= wˆ n) (kg kg
-1
) 
w  water content of clay matrix at shrinkage and swelling (w = wˆ =w/c) (kg kg-1) 
w o w  at the start of scanning shrinkage (V )/swelling (Vˆ ) (Figs.2 and 3) (kg kg
-1
) 
w h, w n w  value at ζ=ζh (w h= wˆ h) and ζ=ζn (w n= wˆ n) (kg kg
-1
) 
w', w′ˆ  contribution of intra-aggregate matrix to total water content at shrinkage and 
swelling (w'>w′ˆ ) (kgkg-1) 
w'h w' value at maximum swelling (before shrinkage start) (kg kg
-1
) 
w's w' value at the end point of the structural range of primary shrinkage (kg kg
-1
) 
w'o corresponds to oW  and oWˆ  in terms of w' (kg kg
-1
) 
bwˆ′  w′ˆ  value being the starting point of water filling in the interface layer part of 
the Ui volume at primary swelling (kg kg
-1
) 
hwˆ′  w′ˆ  value at swelling finish (kg kg
-1
) 
ewˆ′  w′ˆ  value being the end point of water filling in the interface layer part of the 
iUˆ∆  volume at primary swelling (kg kg
-1
) 
s'w  analogue of w's in case of scanning shrinkage (kg kg
-1
) 
b'wˆ  analogue of bwˆ′  in case of scanning swelling (kg kg
-1
) 
Xm, Xmz maximum aggregate size at W=Wh and W=0 (mm) 
mzXˆ , mXˆ  Xmz and Xm values after aggregate destruction at W=0 and W= hWˆ  (mm) 
Xmin minimum aggregate size (Xmin= minXˆ  after aggregate destruction) (mm or µm) 
xm maximum size of sand grains (µm) 
xn mean size of soil solids (xn=Xmin= minXˆ ) (µm) 
Y, Yˆ ,Y ,Yˆ  specific soil volume with crack contribution along the curves of 
primary shrinkage-swelling and scanning shrinkage-swelling (dm
3
kg
-1
) 
Yh Y value at the start of shrinkage (Fig.13) (dm
3
kg
-1
) 
Yr, rYˆ , rY , rYˆ  reference specific soil volume (with no cracks) along the curves of 
primary shrinkage-swelling and scanning shrinkage-swelling (dm
3
kg
-1
) 
Yrh Yr value at the start of reference shrinkage (Fig.13) (dm
3
kg
-1
) 
Yrz Yr value at the end of reference shrinkage (Fig.13) (dm
3
kg
-1
) 
hYˆ  Yˆ  value after primary shrink-swell cycle with cracking (Fig.13) (dm
3
kg
-1
) 
rhYˆ  Yr value after reference primary shrink-swell cycle (Fig.13) (dm
3
kg
-1
) 
rzYˆ  rYˆ  value at the start of reference primary swelling (Fig.13) (dm
3
kg
-1
) 
zYˆ  Yˆ  value at the start of primary swelling with cracking (Fig.13) (dm
3
kg
-1
) 
Yˆˆ  specific soil volume with crack contribution along the curve of quasi primary 
swelling (i.e., with no aggregate destruction) (dm
3
kg
-1
) 
r
ˆˆY  reference specific soil volume (i.e., with no crack contribution) along the 
curve of quasi primary swelling (i.e., with no aggregate destruction) (dm3kg-1) 
z current layer thickness at a given W (cm) 
 
α function of σ from Eq.(35) (dimensionless) 
iUˆ∆  additional interface layer volume that appears at swelling (dm
3
kg
-1
) 
∆vz negative increment of vz under loading (dimensionless) 
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ωˆ∆  water contribution of the iUˆ∆  volume at primary swelling (kg kg
-1
) 
ζ ratio of water content in clay or soil intra-aggregate matrix to its maximum in 
the solid state (the liquid limit) (dimensionless) 
ζh maximum swelling point on the ζ axis (dimensionless) 
ζn end point of basic (or normal) shrinkage (the air-entry point) (dimensionless) 
ζz shrinkage limit on the ζ axis (dimensionless) 
ζo ζ value at scanning shrinkage and swelling start (Figs.2 and 3) (dimensionless) 
ζ1, ζ2 range borders of the shrink-swell cycles of a clay volume (dimensionless) 
n
ζ ,
z
ζ  range borders where v  is a square function of ζ (Fig.3) (dimensionless) 
Πh clay porosity of interface layer part of the Ui volume (dimensionless) 
Πz clay porosity of interface layer part of the iUˆ∆  volume (dimensionless) 
ρs density of clay solids or mean density of soil solids (kg dm
3
) 
ρw water density (kg dm
3
) 
σ Poisson's ratio of dry clay matrix (dimensionless) 
ω, ωˆ , ω , ωˆ  interface layer contribution to the total water content along the curves 
of primary shrinkage-swelling and scanning shrinkage-swelling (kgkg
-1
) 
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Figure captions 
Fig.1. Schematic illustration of the accepted soil structure [24-28]. Shown are (1) an 
assembly of many soil aggregates and inter-aggregate pores contributing to the 
specific soil volume, Y; (2) an aggregate, as a whole, contributing to the specific 
volume Ua=Ui+U'; (3) an aggregate with two parts indicated: (3a) an interface layer 
contributing to the specific volume Ui and (3b) an intra-aggregate matrix contributing 
to the specific volumes U and U'=U/K; (4) an aggregate with indicated intra-aggregate 
structure: (4a) clay, (4b) silt and sand grains, and (4c) lacunar pores; and (5) an inter-
aggregate pore leading at shrinkage to an inter-aggregate crack contributing to the 
specific volume Ucr. U is the specific volume of an intra-aggregate matrix (per unit 
mass of the oven-dried matrix itself). U' is the specific volume of an intra-aggregate 
matrix (per unit mass of the oven-dried soil). Ui is the specific volume of the interface 
layer (per unit mass of the oven-dried soil). Ucr is the specific volume of cracks (per 
unit mass of the oven-dried soil). Ua is the specific volume of aggregates (per unit 
mass of the oven-dried soil). K is the aggregate/intra-aggregate mass ratio. 
Fig.2. The qualitative view of the clay scanning swelling curve, vˆ (ζ,ζo) (curve 3) that 
goes between the primary shrinkage, v(ζ) (curve 1) and swelling, vˆ (ζ) (curve 2) 
curves and starts at ζ=ζo on the primary shrinkage curve. The initial water content, ζo 
can vary in the 0<ζo<ζh range. At ζn<ζo<ζh vˆ (ζ,ζo)=v(ζ), i.e., curves 3 and 1 coincide. 
Fig.3. The qualitative view of the clay scanning shrinkage curve, v (ζ,ζo) (curve 3) 
that goes between the primary shrinkage, v(ζ) (curve 1) and swelling, vˆ (ζ) (curve 2) 
curves and starts at ζ=ζo on the primary swelling curve. ζo can vary in the 0<ζo<ζh 
range. The point, ζ= ζ n(ζo) is a boundary of the initial linear range ( ζ n(ζo)<ζ<ζo) of 
the v (ζ,ζo) curve. The point, ζ=ζ z(ζo) is a boundary of the final linear range 
(0<ζ< ζ z(ζo)) of the v (ζ,ζo) curve. ζ z(ζo)→ζz and ζ n(ζo)→ζn at ζo→ζh. 
Fig.4. The qualitative view of the two initial consecutive transitive scanning shrink-
swell cycles of a cycle set leading to steady shrink-swell cycle in the ζ1<ζ<ζ2 range 
(Fig.5). The first cycle consists of the swelling branch, vˆ 1(ζ,ζ1) at ζo=ζ1≡ζo1 (curve 1) 
and shrinkage branch, v 1(ζ,ζo2) at ζo=ζo2 (curve 2). The second cycle consists of the 
swelling branch, vˆ 2(ζ,ζo3) at ζo=ζo3 (curve 3) and shrinkage branch, v 2(ζ,ζo4) at 
ζo=ζo4 (curve 4). Curve 5 shows the start of the following transitive cycle. 
Fig.5. The qualitative view of the steady shrink-swell cycle (curves 1 and 2) of a clay 
in the ζ1<ζ<ζ2 range. The cycle consists of the shrinkage branch, v (ζ,ζo1) (curve 1) 
and swelling branch, vˆ (ζ,ζo2) (curve 2) where ζo1=ζo1(ζ1,ζ2) and ζo2=ζo2(ζ1,ζ2) are a 
solution of Eqs.(31) and (32). 
Fig.6. The general qualitative view of transformation of the clay maximum shrink-
swell cycle under loading. The indicated values are connected by the following 
relations: (i) v(ζ)≡v(ζ,L=0), vˆ (ζ)≡ vˆ (ζ,L=0); (ii) ζh=ζh(L=0), ζn=ζn(L=0), ζz=ζz(L=0); 
(iii) vh=v(ζ=ζh,L=0), vn=v(ζ=ζn,L=0), vz=v(ζ=ζz,L=0); (iv) vh(L)≡v(ζ=ζh(L),L), 
vn(L)≡v(ζ=ζn(L),L), vz(L)≡v(ζ=ζz(L),L). 
Fig.7. The qualitative view of the ζh(L/L*) dependence. Quantitatively, ζh(L/L*) is 
described by Eqs.(39) and (41). 
Fig.8. The qualitative view of the transformation of the maximum shrink-swell cycle 
for the intra-aggregate matrix under loading (at c<c* and 0<k<1). The u(ζ) curve with 
the initial slope, (1-k)(1-us) starts at the (ζh, uh) point on the pseudo saturation (dash-
dot) line (with the slope, (1-us)) that corresponds to L=0. The  displacement, ζh*-
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ζh=ulph/(1-us) of the line relative to the true saturation (dashed) line is connected with 
the lacunar pores that are non-filled in water. The u(ζ,L) curve with the same initial 
slope, (1-k)(1-us) starts at the (ζh(L), uh(L)) point on another pseudo saturation 
(dotted) line that corresponds to the L loading. The smaller displacement of the line 
relative to the true saturation line corresponds to the smaller lacunar pore volume at 
loading, L. 
Fig.9. The qualitative view of the reference primary and quasi-primary shrink-swell 
cycles of a soil. 1-the reference primary shrinkage curve (Yr(W)) of the first cycle; 2-
the reference primary swelling curve ( rYˆ (Wˆ )) of the first cycle; 2'-the reference 
quasi-primary swelling curve ( r
ˆˆY (Wˆ )) of the first cycle; 3-the reference primary 
shrinkage curve of the second cycle; 4-the swelling branch of the second cycle. Yrh 
and Wh correspond to maximum swelling before the first cycle; Yrz corresponds to 
maximum shrinkage in the course of the first and following cycles; rhYˆ  and hWˆ  
correspond to maximum swelling after the first cycle. The inclined (dashed) line is the 
saturation or quasi-saturation one. 
Fig.10. The qualitative view of the reference quasi-primary shrink-swell cycle, 
(Yr(W), r
ˆˆY (Wˆ )) (curves 1 and 2', respectively) and reference scanning shrinkage curve 
of a soil, rY (W , oW ) (curve 3). The inclined (dashed) line is the saturation or quasi-
saturation one. 
Fig.11. The qualitative view of the reference quasi-primary shrink-swell cycle, 
(Yr(W), r
ˆˆY (Wˆ )) (curves 1 and 2', respectively) and reference scanning swelling curve 
of a soil, rYˆ (Wˆ , oWˆ ) (curve 3). The inclined (dashed) line is the saturation or quasi-
saturation one. 
Fig.12. The qualitative view of the reference steady shrink-swell cycle (curves 3 and 
4) of a soil in the W1<W<W2 range. The cycle consists of the shrinkage branch, 
rY (W ,Wo1) (curve 3) and swelling one, rYˆ (Wˆ ,Wo2) (curve 4) [which are inside the 
reference quasi-primary shrink-swell cycle, (Yr(W), r
ˆˆY (Wˆ )) (curves 1 and 2', 
respectively)] where Wo1=Wo1(W1,W2) and Wo2=Wo2(W1,W2) are a solution of Eqs.(92) 
and (93). The inclined (dashed) line is the saturation or quasi-saturation one. 
Fig.13. The qualitative view of the four different primary shrink-swell cycles of a 
soil. (Yr(W), rYˆ (Wˆ )) is the reference primary shrink-swell cycle. (Yr(W), r
ˆˆY (Wˆ )) is 
the reference quasi primary shrink-swell cycle. (Y(W), Yˆ (Wˆ )) is the primary shrink-
swell cycle with a crack contribution. (Y(W), Yˆˆ (Wˆ )) is the quasi primary shrink-
swell cycle with a crack contribution. The differences between the soil volume with 
and without cracks give the corresponding crack volume at a given water content 
minus the volume of the structural pores: Y(W)-Yr(W)=Ucr(W)-Us; Yˆ (Wˆ )-
rYˆ (Wˆ )= crUˆ (Wˆ )-Us; Y
ˆˆ
(Wˆ )- r
ˆˆY (Wˆ ))= cr
ˆˆ
U (Wˆ )-Us. 
*
hWˆ  is the W value at which the 
residual cracks after the (Y(W), Yˆ (Wˆ )) shrink-swell cycle would be water-filled [24]. 
Fig.14. The qualitative view of the hysteretic steady shrink-swell cycle of the specific 
crack volume (at a given soil depth). Curve 3 presents the crack volume evolution, 
crU (W,Wo1) (Eq.(120)) at the shrinkage stage and corresponds to the reference 
scanning shrinkage curve, rY (W,Wo1) (curve 3 in Fig.12) in the W1<W<W2 range. 
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Curve 4 presents the crack volume evolution, crUˆ (W,Wo2) (Eq.(122)) at the swelling 
stage and corresponds to the reference scanning swelling curve, rYˆ (W,Wo2) (curve 4 
in Fig.12) in the W1<W<W2 range. Wo1 and Wo2 are the starting points of the 
rY (W,Wo1) and rYˆ (W,Wo2) scanning curves (see Fig.12). Wm is the maximum point of 
the hysteretic variation of the crack volume, ∆ crU (W) (Eq.(127)). mincr U  (Eq.(125)) 
and maxcr U  (Eq.(126)) indicate the minimum and maximum crack volume of the 
hysteretic crack volume cycle in the W1<W<W2 range. 
Fig.15. The experimental points [20] and predicted shrinkage curves at five loadings 
(see Tables 1-4). θh, θs, θn, and θz correspond to the maximum swelling point, end 
point of structural shrinkage, end point of normal (basic) shrinkage, and shrinkage 
limit, respectively. The ranges of θh, θs, θn, and θz values with loading variation are 
indicated by two arrows. 
Fig.16. As in Fig.15, but for the experimental points [47] and predicted shrinkage 
curves at four loadings (see Tables 1-4). 
Fig.17. The white squares and solid line indicate the five estimated ζh(L/L*) points 
from Table 2 and fitted ζh(L/L*) curve (Eq.(39)), respectively, for Peng et al.'s [20] 
soil and fitted characteristic loading, L*≅20.5kPa (Lu≅0.54kPa). Goodness of fit is 
rζ
2
=0.9848. The estimated standard error of the ζh(L/L*) points is σζ=0.005. The 
white circles and dashed line indicate the four estimated ζh(L/L*) points from Table 2 
and fitted ζh(L/L*) curve (Eq.(39)), respectively, for Talsma's [47] soil and fitted 
characteristic loading, L*≅40.6kPa (Lu≅0.53kPa). Goodness of fit is rζ
2
=0.9994. The 
estimated standard error of the ζh(L/L*) points is σζ=0.001. 
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 m
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m
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 b
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 c
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it
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 c
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 p
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at
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h
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